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A B S T R A C T   

Ultra-high performance fiber-reinforced concrete (UHPFRC) possesses excellent mechanical properties and 
durability. The steel fibers in the concrete result in significant post-cracking tensile resistance and enhanced 
crack control. However, while UHPFRC is a promising material for the construction of new (and repair of 
existing) infrastructure, its application is still limited—in part due to the lack of numerical models with the 
capacity to simulate its complex behavior. To help overcome this challenge, this study proposes a numerical 
material modeling approach for the nonlinear finite element analysis of UHPFRC. The approach aims to provide a 
general applicability to model both shear- and flexure-critical members made from strain-softening or -hardening 
UHPFRC, while still using simple equations. This objective can be achieved by establishing a comprehensive set 
of crack spacing formulations and modeling recommendations to capture the unique behavior of UHPFRC. The 
crack spacing estimates are used together with the Diverse Embedment Model for FRC, which is extended here 
for the modeling of UHPFRC. When applied to 29 flexure- and shear-critical specimens, the proposed modeling 
approach accurately simulates the experimental responses with an average of 1.04 and a coefficient of variation 
of 10.2% for the experimental-to-predicted strength ratios.   

1. Introduction 

Ultra-high performance fiber-reinforced concrete (UHPFRC) has 
emerged as a new class of material that offers excellent mechanical 
properties [1,2]. As compared to regular concrete, UHPFRC is about five 
to six times stronger in both compression and tension, with compressive 
and tensile strengths of up to 250 and 12 MPa, respectively. Due to the 
presence of steel fibers in the cement matrix, UHPFRC possesses sig
nificant post-cracking tensile resistance, and can be designed to exhibit 
ductile strain-hardening behavior in tension. This behavior provides a 
highly effective crack control which, together with the low porosity of 
the cement matrix, results in excellent durability in aggressive envi
ronments [3–5]. UHPFRC also enables the use of smaller section sizes, 
resulting in lighter structures with the potential benefits of smaller 
seismic forces and more economical foundations. These properties make 
UHPFRC an ideal candidate for not only the construction of next- 
generation infrastructure, but also the rehabilitation and strength
ening of existing infrastructure. 

While design guidelines and code provisions are continuously being 

developed for UHPFRC in France [6], Switzerland [7], Japan [8], and 
Australia [9], a number of obstacles hinder the widespread application 
of this material. One of them is the complex behavior of UHPFRC 
members (involving concrete, fibers, reinforcing bars, and the bond in 
between them); another is the lack of fully developed and validated 
numerical models to simulate these behaviors. Most current studies on 
numerical modeling include the use of commercial finite element soft
ware, which is not specialized for UHPFRC [10–12], while others pro
pose theoretical formulations that require complex implementations in 
computer codes [13,14]. As most existing models are based on the 
smeared crack approach, an important remaining problem is the eval
uation of the crack spacing in flexure- and shear-critical members, which 
affects the predicted ductility of the UHPFRC, and therefore the pre
dicted response of the member. Furthermore, special, experimentally- 
determined material properties—required as input to numerical mod
els—create an additional challenge. 

To help overcome the current challenges, this study proposes a nu
merical material modeling approach for the nonlinear finite element 
analysis of UHPFRC. The proposed approach extends the Simplified 
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Diverse Embedment Model (SDEM) [15], which was originally developed 
for fiber reinforced concrete, to model UHPFRC. The main objective of the 
proposed approach is to provide a general applicability to model both 
shear- and flexure-critical members made from strain-softening or 
-hardening UHPFRC materials, while using simple equations and basic 
material property inputs. To account for the location of the main flexural 
reinforcing bars and the presence (or absence) of shear reinforcement, a 
set of crack spacing formulations are established. In addition, a new bond 
resistance limit is proposed to account for the high density and high 
cement content of the UHPFRC. The proposed approach is validated with 
29 large-scale beam specimens tested by seven different research groups. 
The specimens include 14 shear-critical (eight with no shear reinforce
ment) and 15 flexural-critical members, with 11 flanged and 18 rectan
gular sections. The simulated load, deflection, cracking, and failure 
behaviors are examined in detail and compared with the experimentally 
measured data. The following sections discuss the formulation, applica
tion, and validation of this modeling approach. 

2. Formulation 

2.1. Extension of the simplified diverse embedment model for UHPFRC 

The Diverse Embedment Model (DEM) [16] was originally developed 
for normal strength fiber reinforced concrete (FRC). It is based on 
modeling the behavior of a single straight or hooked fiber across a crack 
in the concrete, where the fiber is unsymmetrically embedded on both 
sides of the crack. The deformations of the fiber are neglected and the 
bond-slip behavior of the interface with the surrounding concrete is 
assumed elastic-perfectly-plastic. The maximum bond resistance for 
straight fibers is estimated at 0.369√fc′ (MPa), where fc′ is the 
compressive strength of the FRC. This model results in the following 
expressions for the average fiber stress σf,cr,avg and normal stress per unit 
crack area σf : 

σf ,cr,avg =
2
lf

∫ lf /2

0

∫ π/2

0
σf ,cr(w, la, θ)sinθdθdla (1)  

σf = αf Vf σf ,cr,avg (2)  

where σf,cr is the stress in a single fiber; w is the crack width; lf is the fiber 
length; la is the shorter embedment length of the fiber; θ is the angle of 
the fiber with respect to the direction normal to the crack; αf is a fiber 
orientation factor; and Vf is the volumetric ratio of fibers. To increase the 
computational efficiency of the DEM for finite element simulations, Lee 
et al. [15]. simplified Eqs. (1) and (2) to close-form equations and pro
posed the Simplified Diverse Embedment Model (SDEM). 

The behavior of fibers across cracks in UHPFRC is similar to that 
described by the DEM (or SDEM). The fibers in UHPFRC are typically 
straight and are pulled out of the cement matrix as the crack opens. 
Consequently, the SDEM presents a potential for modeling UHPFRC. 
Modeling of tests performed in this study demonstrated that the 
maximum bond resistance τfm used in the SDEM is too low for 

adequately accounting for the high density and high cement content of 
the UHPFRC matrix. Using the test data available in the literature, a new 
relationship is conceived for the proposed modeling approach as τfm =

0.75√fc′ (MPa), where fc′ is the compressive strength of the UHPFRC. In 
addition, the material property values shown in Table 1 are found 
suitable for UHPFRC and are used in the proposed modeling approach. 

Fig. 1 shows a sample comparison performed for an UHPFRC mix 
with fc′ = 120 MPa, fct = 6.0 MPa, Vf = 3.0%, lf = 10 mm, and df = 0.2 
mm [18]—where fct is the tensile strength (i.e., cracking stress) of the 
matrix. The material was tested in pure tension and developed a single 
crack as characteristic of a softening UHPFRC. The figure shows that the 
SDEM captures the decrease in the tensile resistance as a function of the 
crack opening all the way to the complete pull-out of the fibers off the 
matrix. The SDEM prediction consists of two contributions: the contri
bution of the fibers described by Eq. (2), and the tension-softening 
behavior of the cement matrix across the crack, labeled “matrix”. 

In addition to the behavior of softening UHPFRC, Fig. 1 also shows a 
comparison between the predicted softening and hardening behaviors. 
The two SDEM curves in the plot are generated for the same UHPFRC 
material, except that the fiber volume ratio is increased from 3% to 4.5%. 
The figure shows that a Vf ratio of 4.5% produces a hardening behavior, 
where the peak tensile resistance exceeds the cracking strength fct = 6 
MPa. This behavior is characterized by the formation of multiple cracks, 
instead of a single crack that leads to the failure of softening UHPFRC. 

2.2. Tension behavior of reinforced UHPFRC members 

After adapting the SDEM to model UHPFRC, the next step is to model 
the tension behavior of UHPFRC members with reinforcing bars (i.e., 
reinforced UHPFRC). The combination of fibers and rebars results in the 
formation of closely spaced cracks and more uniform deformations. 
Consequently, the proposed modeling framework employs the smeared 
crack approach, as formulated by Lee et al. [19] for FRC. In this 
approach, the constitutive relationships of concrete, fibers, and rebars 
are expressed in terms of average stresses as functions of the average 
strain measured across several cracks εc. 

Using average stresses, the axial force in a tension member with a 
cross-sectional area Ac is expressed as: 

Table 1 
Input properties for UHPFRC.  

Material property Input values 

Compressive strength f ’
c  From experiment 

Tensile strength fct  From experiment or 0.6√f ’
c [17]  

Initial tangent modulus Ec  From experiment or 50GPa [6]  
Fiber bond strength 0.75√f ’

c   

Fig. 1. Measured and predicted tension response of UHPFRC – test by Gar
neau [18]. 

N =
[
ρsσs + αavgσf + σc,TS +(1 − αavg)σf

]
Ac = Ns +Nf +Nc,TS +Nc,f ≤

(
ρsfy + σf

)
Ac (3)   
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where ρs is the reinforcement ratio; σs is the average stress in the rebars; 
σf is the stress in the fibers in the crack; αavgσf is the average stress in the 
fibers; fc,TS is the average stress in the concrete due to the bond with the 
rebars (i.e., tension stiffening effect); and (1-αavg)σf is the average stress 
in the concrete due to the bond with the fibers. The stress-strain rela
tionship of the steel σs(εc) is assumed elastic-perfectly-plastic; fc,TS(εc) is 
evaluated as proposed by Lee et al. [19]; and σf is evaluated from the 
SDEM. However, as the SDEM is based on the width of the crack w, while 
the smeared crack approach is based on the average strain εc, it is 
necessary to express w with εc as follows: 

w = εckwscr

kw = 1.7 + 3.4
Vf lf

df

(4)  

where scr is the basic crack spacing and factor kw was proposed by Deluce 
et al. [20] to capture the width of the widest crack that governs the 
ultimate response of tension members. Consequently, a crucial aspect in 
the numerical modeling of UHPFRC structures is the evaluation of scr. As 
compared to reinforced concrete members, the addition of fibers results 
in more closely spaced cracks. 

To evaluate scr in the vicinity of the rebars, the following expression 
is adopted based on the work of Leutbecher and Fehling [21,22]: 

scr =

(
σi

cf ,cr − σcf 0

)
ds

2τsmρs
≥ 0.75lf (5)  

where σi
cf,cr is an imaginary cracking stress of the UHPFRC that takes 

into account the effect of the fibers at very small crack widths; σcf0 is the 
maximum tensile stress that the fibers can transfer across a crack; ds is 
the diameter of the rebars; τsm is the average bond stress over the load- 
transmission length between the bar and matrix ≈2.5τfm [17] (i.e. τsm ≈

1.90√fc′ MPa); ρs is the ratio of steel reinforcement; and lf is the fiber 
length. The left-hand-side of Eq. (5) was derived by considering the 
equilibrium of a concrete region bound by a crack and the nearest sec
tion where a new crack can form. It represents the maximum crack 
spacing within the assumptions made in the derivation, while additional 
unfavorable effects such as the scatter in material properties and non- 
uniform stress distributions are approximately accounted for with the 
empirical factor kw in Eq. (4). The lower bound on the crack spacing 
imposed in Eq. (5) takes into account the length over which the fibers 
transfer tension to the concrete on each side of a crack [23]. This limit 
governs in reinforced UHPFRC members with large amounts of 

reinforcement and/or fibers. The cracks spacing of 0.75lf is also used for 
UHPFRC without reinforcement that exhibits strain-hardening behavior. 
It should be noted that the combination of factor kw and Eq. (5) adopted 
here is meant to produce somewhat conservative crack width estimates. 

Stresses σi
cf,cr and σcf0 are illustrated in Fig. 2, which is an enlarged 

version of Fig. 1. The imaginary cracking stress develops at a crack width 
w* when the matrix is in the tension softening regime and the fibers are 
in the activation regime: 

σi
cf ,cr = fct

(

1 − w*⋅
fct

2GF

)

+ σcf 0

(

2

̅̅̅̅̅̅

w*

w0

√

−
w*

w0

)

(6)  

w* = w0

(

1 +
w0f 2

ct

2σcf 0GF

)2

(7)  

where GF is the fracture energy of the matrix [17] estimated at 0.06 N/ 
mm. The cracking stress of the matrix fct is obtained from material 
testing or, if test results are not available, it can be estimated at 0.60√fc′

(MPa)—derived based on comparisons with material tests from the 
literature. Finally, stress σcf0 and corresponding crack width w0 are 
determined from [17]: 

σcf 0 = αf Vf
τfmlf

df
(8)  

w0 =
τfml2f
Ef df

(9) 
where Ef ≈ 200 GPa is the modulus of elasticity of the fibers. 
To validate the above equations, 10 tension tests of prismatic rein

forced UHPFRC members were collected from the literature [21,24–26]. 
In Fig. 3, the experimentally obtained crack spacing is plotted versus the 
predictions of Eq. (5)—both normalized with respect to the fiber length 
lf. It can be seen that the theoretical expression produces reasonably 
accurate predictions across the complete range of crack spacing values, 
with the exception of a test by Leutbecher and Fehling [24]. 

With the predicted crack spacing, Eq. (3) can be used to predict the 
complete tension force vs. average tensile strain response of reinforced 
UHPFRC members. This equation is applied to a test specimen from 
Jungwirth and Muttoni [23]. The specimen had a cross section of 
160x160 mm, and was reinforced with 4ϕ16 rebars and 2.5% of steel 
fibers with lf = 20 mm and df = 0.3 mm. The yield strength of the 
reinforcement was fy = 556 MPa; the compressive strength of the 
UHPFRC was fc′ = 190 MPa; and the tensile strength was fct = 8.8 MPa. 

Fig. 2. Important stress and crack width values from the tension response 
of UHPFRC. 

Fig. 3. Measured vs. predicted average crack spacing for 10 reinforced 
UHPFRC members subjected to uniaxial tension. 
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In Fig. 4a, the measured N-εc response of this specimen is compared to 
the prediction from Eq. (3)—generated using an input crack spacing of 
48 mm obtained from Eq. (5). The plot demonstrates that the model 
captures the entire range of the measured response, including the peak 
resistance and the post-peak behavior. The figure also shows the 
different components of Eq. (3) and how they vary with increasing 
strain. According to these components, the fibers contributed 26% to the 
peak resistance of the member. 

Fig. 4b uses the same specimen to study the effect of crack spacing on 
the predicted N-εc response. In addition to the crack spacing predicted 
by Eq. (5), two other spacing values are used—15 mm and 130 mm. The 
smaller value is equal to 0.75lf [23] and corresponds to a hardening 
UHPFRC, while the larger one is obtained from the EC2 equation (Eq. 
7.11) for reinforced concrete without fibers[27]. Fig. 4b demonstrates 
that the crack spacing plays a major role for the accurate prediction of 
the post-peak response, yet does not have a significant effect on the peak 
resistance. A crack spacing of 15 mm results in a significant over
estimation of the ductility of the member, while a spacing of 130 mm 
results in an underestimated ductility. It should be noted that the ac
curate prediction of the post-peak behavior is crucial for the modeling of 
shear-critical UHPFRC members, where a significant redistribution of 

stresses can occur in the web following the yielding of the stirrups. 

2.3. Crack spacing in the webs of UHPFRC beams 

The crack spacing evaluated from Eq. (5) is valid for the cracks that 
develop in the vicinity of (and perpendicular to) rebars. In the web of 
UHPFRC beams, however, the cracks are inclined due to shear effects 
and develop away from the main flexural rebars. To capture this phe
nomenon, the proposed modeling approach employs a more general 
equation which calculates the spacing between inclined cracks as a 
combination of two constituents, as follows [28]: 

scr =
1

cos2θ
smx

+ sin2θ
smy

(10)  

where smx and smy are the spacing between the vertical and horizontal 
cracks, respectively; and θ is the angle of the inclined cracks with respect 
to the axis of the beam. Therefore, to evaluate scr, it is necessary to 
evaluate separately smx and smy—as if the member is subjected sepa
rately to tension parallel to the longitudinal and transverse reinforce
ment, respectively. 

The evaluation of the horizontal crack spacing smx is illustrated in 
Fig. 5. At the level of the bottom flexural reinforcement, the spacing is 
minimum and increases linearly away from the reinforcement. This 
formulation is adopted from Collins and Mitchell [30] who applied it to 
reinforced and prestressed concrete beams based on an earlier crack 
spacing expression [31]. Using the same approach, Eq. (5) for UHPFRC 
is extended to: 

smx = max

⎡

⎣

(
σi

cf ,cr − σcf 0

)
ds

2τsmρs
, 0.75lf

⎤

⎦+Kcx (11)  

where ds is the diameter of the longitudinal reinforcement with a total 
area of As; ρs =As/Acb is the reinforcement ratio calculated for the area of 
the concrete Acb in the bottom one-half of the section; cx is the distance 
from the reinforcement to the location where the crack spacing is 
evaluated, and factor K controls how fast the crack spacing increases 
away from the reinforcing bars. Assuming also that σi

cf,cr/(2τsm)≈fct/ 
(2τsm)≈0.15, the expression for the spacing of the vertical cracks is 
simplified to: 

smx = max
[(

0.15 −
0.2αf Vf lf

df

)

⋅
ds

ρs
, 0.75lf

]

+Kcx (12) 

For concrete members without fibers, coefficient K is estimated at 2 
[30]. For UHPFRC exhibiting hardening behavior, K should be taken as 
zero, since the reinforcement is not needed to control the cracks. 
Consequently, the proposed modeling approach varies K linearly from 2 
to zero as the volume of fibers Vf increases from zero to Vf,max: 

Fig. 4. Measured vs. predicted response of a reinforced UHPFRC member 
subjected to uniaxial tension (prediction generated with program VecTor2 
[28,29]) – test 2.5% by Jungwirth and Muttoni [23]. (a) Prediction with crack 
spacing from Eq. 5, (b) Effect of crack spacing. 

Fig. 5. Variation of the horizontal crack spacing along the depth of beams.  
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K = 2
(

1 −
Vf

Vf ,max

)

≥ 0 (13)  

where Vf,max is the ratio separating a hardening from a softening 
UHPFRC. This ratio is estimated by setting the expression inside the 
round brackets in Eq. (12) equal to zero: 

Vf ,max = 0.75
df

αf ⋅lf
(14) 

As indicated with the dashed lines in Fig. 5, the calculated linear 
variation of the crack spacing smx across the section in Eq. (12) can be 

simplified as a stepwise function. For finite element modeling, it is 
convenient to use only two smx values: one in the vicinity of the flexural 
reinforcement and the other in the rest of the section. The former value 
is obtained by averaging the linearly-varying crack spacing within an 
effective tension zone with a depth of min[2.5(h − d), h/2] [27] at the 
bottom of the section. The latter value is calculated by averaging the 
crack spacing in the rest of the bottom one-half of the section. In I-sec
tions, the depth of the effective tension zone can be taken as the thick
ness of the tension flange. 

As a last step, the vertical crack spacing smy should be evaluated as 
required by Eq. (10). For beams without stirrups, smy depends entirely on 

Fig. 6. Measured and predicted spacing of the inclined cracks in the web of reinforced UHPFRC beams – specimens SB2 [32] (top) and B29 [33] (bottom).  

Fig. 7. Modeling methodology.  
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the tension behavior of the UHPFRC. If the material exhibits a hardening 
behavior (i.e., Vf ≥ Vf,max), the crack spacing is calculated as 0.75lf, and 
if the material is softening (Vf < Vf,max), smy is estimated as d/kw. When 
used in Eq. (4) for evaluating crack widths, this latter value corresponds 
to a single horizontal crack within the depth of the member. If the sec
tion has flanges, the effective depth d can be replaced by the clear depth 
of the web between the flanges. For beams with stirrups, smy is obtained 
from Eq. (12), where ds is replaced by the stirrup diameter dv; ρs is 
replaced by the stirrup ratio ρv; and K is set to zero. In any case, the 
calculated crack spacing should not be taken larger than that found in 
beams without stirrups (i.e., scr ≤ d/kw). 

This formulation for the spacing of the inclined web cracks in rein
forced UHPFRC beams is validated with tests from the literature. Fig. 6 
shows the crack diagrams obtained from two tests performed by Lim and 
Hong [32] and Randl [33]. Specimen SB2 in the figure had a rectangular 
section with hardening UHPFRC, while specimen B29 featured an I- 
section with softening UHPFRC. The stirrup ratios of the two beams were 
respectively 0.6% and 0; and the fiber volume ratios were 1.5% and 1%. 
The details of the specimens are provided in Table A1 in the appendix. 
The crack spacing scr is evaluated using Eq. (10), where smx and smy are 
calculated as discussed above, while angle θ is estimated from the crack 
diagrams. As shown in Fig. 6, the predicted average crack spacing of 13 
mm for specimen SB2 fits in the range of measured values varying from 
~12 mm to ~35 mm. For B29, the predicted and measured values are 
133 mm and ~130 mm, respectively. It should be noted however that 
the crack propagation in webs is a very complex phenomenon, and the 
predictions of the proposed equations should only be seen as estimates. 

3. Application of the proposed modeling approach 

The proposed modeling approach employs the formulations 
described above within the framework of the Disturbed Stress Field 
Model (DSFM) [34]. The DSFM is a smeared, rotating crack model that 
originates from the Modified Compression Field Theory for reinforced 
concrete elements subjected to shear [35]. The formulation described by 
Eq. (3) is used in the DSFM to model the tension behavior perpendicular 
to the cracks. The fibers are also taken into account in the compression 

response of the concrete parallel to the cracks, as well as in calculating 
the slip displacements in the cracks. The DSFM and the material models 
employed by the proposed modeling approach are already implemented 
into the computer program VecTor2 [28,29]. While this study uses 
VecTor2 for nonlinear finite element modeling purposes, the proposed 
modeling approach can also be employed through the use of other 
computational modeling platforms. The main steps of the modeling 
approach are outlined in the flowchart in Fig. 7. 

The first step is to create a finite element model including the mesh 
and boundary conditions; see the beam in Fig. 8 as an example. The 
concrete is modelled with 15 to 20 2D quadrilateral elements across the 
depth of the section, while the bottom and top longitudinal reinforce
ment is modelled with discrete 1D truss elements with a perfect bond. 
The stirrups (if present) are either smeared into the concrete elements as 
vertical steel components, or modelled as discrete truss bars if the 
spacing is not constant throughout. 

The next step is to characterize the UHPFRC used in the member as 
either strain-softening or -hardening. This decision should ideally be 
made based on the results from tensile material tests. In the absence of 
such tests, the UHPFRC can be considered as softening when the fiber 
volume ratio Vf does not exceed Vf,max as formulated in Eq. (14). As 
evident from the flowchart, this characterization is essential for the 
determination of the crack spacing. In hardening UHPFRC, smx and smy 
are taken as 0.75lf, while a more detailed procedure is employed for the 
softening UHPFRC. This procedure accounts for the effects of the lon
gitudinal, transverse, and fiber reinforcement on the spacing of normal 
and inclined cracks. The crack spacings smx and smy are calculated for 

Fig. 8. A typical finite element model of a beam test specimen under sym
metrical three-point bending. 

Table 2 
Material models in program VecTor2.  

Material behavior to be modeled Recommended model for UHPFRC 

Compression pre-peak Lee et al. 2011 (FRC) [19,36] 
Compression post-peak Lee et al. 2011 (FRC) [19,36] 
Tension softening Exponential [28] 
Crack width check Omitted* 
Cracking spacing User input  

* intended for reinforced concrete members. 

Fig. 9. Measured and predicted response of flexure-critical beams – specimens 
4A and 4B [37]. (a) Global response, (b) Crack patterns at failure. 
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two zones, as shown in Figs. 5 and 8, with one zone located in the vi
cinity of the flexural tension reinforcement and the other zone in the 
web above the reinforcement. In addition to the crack spacings, the 
modeling approach also requires a number of other input material 
properties, as summarized in Table 1. As indicated in the table, it is 
preferred to use experimentally-determined input values when avail
able. Note however that, apart from the tensile strength fct, these values 
do not include other points from the tension response of the UHPFRC (e. 
g. σcf0) as this response is predicted by the diverse embedment model. 
The crack orientation factor αf is also evaluated based on the general 
approach proposed by Wong et al. [28] which takes into account the 
thickness of the member. In the final step, the constitutive laws are 
defined to describe the nonlinear behavior of concrete and reinforce
ment, accounting for effects such as tension softening, tension stiffening, 
and compression softening of the concrete. The recommended material 
behavior models for UHPFRC are provided in Table 2. 

4. Experimental validation 

4.1. Behavior of flexural-critical beams 

The proposed modeling approach is first validated with 15 flexure- 
critical reinforced UHPFRC beams. Two representative beams (speci
mens 4A and 4B, tested by Baby et al. [37]) are discussed in this section 
as samples (see Table A1). The beams had a 380-mm-deep I-section and 
were subjected to symmetrical four-point bending with a shear-span-to- 
depth ratio a/d = 2.5. The flexural reinforcement ratio was 2.5% and the 
compressive strength of the UHPFRC was approximately 200 MPa. The 
beams differed only in the amount and size of the steel fibers, with a 
constant aspect ratio lf/df of 66. Specimens 4A and 4B had fibers with lf 
= 20 mm and 13 mm, and Vf = 2.5% and 2.0%, respectively. The main 
results from the calculations, including the crack spacing and the 
maximum tensile stress that the fibers can transfer across the cracks, are 
listed in Table A2. 

Fig. 9a shows the measured and predicted load-deflection responses 
of the beams. As expected for flexure-critical members with high con
crete strength, the beams exhibited significant flexural yielding and 
ductility. The increase of steel fibers from 2.0% to 2.5% resulted in a 
minor 5% increase in the flexural capacity. As evident from Fig. 9a, the 
proposed modeling approach captures this subtle difference, albeit with 
a slight underestimation in the peak resistances of both beams. If one of 
the beams was analyzed without fibers (see Vf = 0 line), the model 
would predict that 2.5% fibers result in a 16% increase in the flexural 
strength, which shows the significant effect of fibers on the global 

Fig. 10. Measured and predicted response of shear-critical beams – specimens 
SB1 and SB3 by Lim and Hong [32]. (a) Global response. (b) Crack patterns 
at failure. 

Fig. 11. Effect of stirrup ratio – specimens SB1 to SB4 by Lim and Hong [32].  
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response of the beams. 
Fig. 9b compares the measured and predicted crack diagrams of 

specimens 4A and 4B near failure. In addition to the critical flexural 
cracks in the pure-bending region, shear cracks were also observed in 
both shear spans. Both the flexural and shear cracks are predicted by the 
model. As it can be expected, the smeared crack approach resulted in 
more defused crack patterns than those observed in the tests. 

4.2. Behavior of shear-critical beams 

While the shear cracks in specimens 4A and 4B were not critical, it is 
also of interest to study reinforced-UHPFRC beams that failed in shear 
along inclined cracks. Such beams were tested by Lim and Hong [32] 
who focused on the effect of the stirrup ratio (see beams SB in Table A1). 
The beams had a 290 mm deep rectangular section and were tested 
under symmetrical three-point bending with an a/d ratio of 3.0. The 
fiber volume ratio was 1.5% and the stirrup ratio was varied from 0 to 
1.4%. 

Fig. 10a shows the measured and predicted load-deflection behav
iour of two of these beams: SB1 without stirrups and SB3 with ρv = 0.9%. 
As expected for shear-critical members, the response of these specimens 
was distinctly more brittle than that of specimen 4A and 4B. As evident 
from Fig. 10a, the proposed modeling approach captured well the pre- 
peak response and underestimated the shear strength by a maximum 
of 15%. This most conservative strength prediction was obtained for the 
beam without stirrups in which the shear across the critical cracks was 
carried mainly by the steel fibers. 

Fig. 10b compares the measured and predicted crack diagrams of 
specimens SB1 and SB3 near failure. It can be seen that the two exper
imental crack patterns differ significantly. Specimen SB1 without stir
rups exhibited a typical shear failure along an inclined crack, while 
specimen SB3 also exhibited crushing in the vicinity of the applied load. 
This indicates that a stirrup ratio of 0.9% was nearly sufficient to sup
press the shear failure and to force a flexural failure in the midspan 
region. As the beams had a very large amount of flexural reinforcement 
(i.e., ρl = 8.0%), flexural failure was expected to occur with crushing of 
the concrete in the compression zone prior to yielding of the bottom 
longitudinal bars. 

4.2.1. Validation with experimental test series incorporating different test 
variables 

While predicting the complete load-deflection response of reinforced 
UHPFRC members is important for evaluating serviceability and 
ductility, the most important result of the numerical simulations is the 
strength (i.e., load-bearing capacity or peak load capacity) of the 
member. Therefore, it is of interest to study how the proposed modeling 
approach captures the effects of various member properties on the peak 
load capacity. 

Fig. 11 summarizes the results obtained for specimens SB1 to SB4 
[32] as a function of the stirrup ratio. As ρv is increased from 0 to 1.4%, 
the experimental peak load capacity increases by 19%. Most of this in
crease occurs up to stirrup ratios of 0.6–0.9%, followed by a nearly 
constant strength for larger ρv values. This upper bound on the strength 
is explained by the fact that large amounts of stirrups suppress diagonal 
tension failure, and force a flexural failure. Indeed, specimen SB4 (with a 
ρv of 1.4%) failed in flexure with crushing of the concrete in the 
compression zone. It is evident that the proposed modeling approach 
captures well the experimental trend, while being slightly conservative 
across the whole range of ρv values. 

In addition to providing stirrups, another way to increase the shear 
resistance is to increase the amount of fibers in the UHPFRC. The effect 
of this variable was studied by Hussein and Amleh [38,39] who tested 
300-mm-deep rectangular beams with an a/d ratio of 3.0 (see Table A1). 
The beams had no stirrups while three of them contained fibers with 
ratios of 1%, 1.5%, and 2% (specimens US2-1-3, US2-1.5-3, and US2-2- 
3). The variation of the shear force at failure of these beams with 
increasing Vf ratio is illustrated in Fig. 12. According to the test results, 
as Vf was doubled from 1% to 2%, the peak load capacity increased by 
20%, and the specimen with 2% fibers failed in flexure. As evident from 
Fig. 12, the modeling approach follows the experimental trend reason
ably well, but underestimates the strength of the three beams by up to 
32%. These conservative predictions can be explained in part by the 
difficulty of predicting whether the concrete has a softening or hard
ening behavior. While the three UHPFRC mixes are predicted to have a 
softening behavior (Vf < Vf,max acc. to Eq. (14)), the authors of the tests 
used a hardening constitutive law in their numerical analyses [40]. If a 
hardening behavior is assumed, the results improve significantly, as 
illustrated by the dashed line in Fig. 12. 

The results in Fig. 12 can also be analyzed from a different 
perspective: they illustrate the effect of the fiber pull-out resistance σcf0 
and the crack spacing scr on the shear strength of reinforced UHPFRC 

Fig. 12. Effect of fiber volume ratio – shear-critical specimens US2-1-3, US2- 
1.5-3, and US2-2-3 by Hussein and Amleh [38]. 

Fig. 13. Effect of fiber aspect ratio – flexure-critical specimens by Yoo and 
Yoon [41]. 

R. Franssen et al.                                                                                                                                                                                                                               



Engineering Structures 238 (2021) 112179

9

members. As pull-out resistance is proportional to Vf according to the 
SDEM and Eq. (8), the curves in the plot also show the σcf0 vs. shear 
strength trend (see the top horizontal axis), where σcf0 is predicted to 
vary from 2.36 MPa to 4.72 MPa (SDEM values). The effect of the crack 
spacing, on the other hand, is reflected in the difference between the 
“softening UHPFRC” and “hardening UHPFRC” prediction curves. 
Indeed, when the input is changed from softening to hardening material, 
the only modification is the crack spacing. For a softening UHPFRC, the 
spacing between vertical cracks in the web is predicted at (68-46-25) 
mm, and that between the horizontal cracks at (35-27-22) mm. When a 
hardening UHPFRC is considered, both spacings are reduced to 0.75lf =
9.75 mm. Larger σcf0 means larger stresses along the critical shear crack 
at failure, and smaller crack spacing means more uniform stresses along 
the crack. Therefore, σcf0 and smaller scr result in an increased shear 
resistance of reinforced UHPFRC beams. The values of fiber pull-out 
resistance and crack spacing for all members modeled in this study are 
listed in the Appendix, Table A2. 

The results in Fig. 12 can also be analyzed from a different 
perspective: they illustrate the effect of the fiber pull-out resistance σcf0 
and crack spacing scr on the shear strength of reinforced UHPFRC 
members. As the pull-out resistance is proportional to the volume of 
fibers (Eq. (8)), the Vf values on the horizontal axis can be replaced with 

Fig. 14. Effect of shear-span-to-depth ratio – flexure-critical specimens US1-2- 
1.5/US1-2-2/US1-2-3.5 by Hussein and Amleh [38]. 

Fig. 15. Experimental-to-predicted strength ratios for a database of 29 reinforced UHPFRC tests.  
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the corresponding σcf0 values varying from 3 MPa (Vf = 1%) to 6 MPa 
(Vf = 2%). The effect of the crack spacing, on the other hand, is reflected 
in the difference between the “softening UHPFRC” and “hardening 
UHPFRC” prediction curves. Indeed, when the input of the model is 
changed from a softening to hardening material, the crack spacing is 
reduced to 0.75lf, and this results in a more ductile tensile behavior of 
the UHPFRC. The larger is σcf0, the larger are the tensile stresses along 
the critical shear crack at failure. The smaller is the crack spacing, the 
more uniform are the tensile stresses along the crack. Therefore, larger 
σcf0 and smaller scr result in an increased shear resistance of reinforced 
UHPFRC beams as illustrated in Fig. 12. 

Another variable related to the steel fibers is the aspect ratio lf/df, 
which was studied through six beam tests reported by Yoo and Yoon 
[41]. The beams had a 210-mm-deep rectangular section with an a/ 
d ratio of 5, and all failed in flexure (see Table A1). The lf/df ratio was 
varied from 65 to 100 by varying both the length and the diameter of the 
fibers, while the fiber volume ratio was kept constant at 2%. As evident 
from Fig. 13, the measured flexural strengths of the specimens with ρl =

1.5% was almost unaffected by the lf/df ratio, while those of the beams 
with ρl = 0.94% increased by 10% as lf/df increased from 65 to 100. As 
demonstrated in the plot, the proposed modeling approach produces 
adequate strength predictions with the exception of specimen S13H, 
whose peak load capacity has been underestimated. 

The last variable studied is the shear-span-to-depth ratio, as pre
sented in Fig. 14. The beams used in this study had a 300-mm-deep 
rectangular section and variable shear spans resulting in a/d ratios of 
1.5, 2.0, and 3.5 (specimens US1-2-1.5, US1-2-2, and US1-2-3.5 in 
Table A1) [38]. All three specimens failed in flexure in the experiments. 
Since their sectional and material properties were nominally identical, 
the trend in Fig. 14 is inversely proportional to the shear span a of the 
beams. As evident from the figure, the proposed modeling approach 
produces excellent predictions of the flexural strength of the beams. 

4.3. Summary of test results and predictions 

Fig. 15 presents the experimental-to-predicted strength ratios of the 
reinforced UHPFRC beams—plotted as a function of the stirrup ratio for 
all 29 test specimens modelled in this study (see Table A1). Fig. 15a 
compares the results for flexure- and shear-critical specimens, while 
Fig. 15b compares softening and hardening UHPFRC. As evident from 
Fig. 15a, the proposed modeling methodology produces excellent pre
dictions for all flexure-critical members and for the shear-critical beams 
with transverse reinforcement (i.e., stirrups). As can be expected, the 
scatter in the predictions is larger for beams without stirrups, due to the 
challenges associated with modeling the inherent randomness in their 
brittle failures. Within this group with ρv = 0, Fig. 15b shows that the 
proposed approach accurately captures the strengths of the beams with 
hardening UHPFRC. Only a few tests of softening UHPFRC specimens 
with ρv = 0 are predicted with larger conservatism (max Vexp/Vpred ratio 
of 1.32). These ratios are well within the error margins one could expect 
from the nonlinear analysis of UHPFRC, considering that the proposed 
modeling approach has a general applicability to many material mixes 
and member configurations (see Table A1), and that a similar or even 
larger scatter could also be obtained for regular reinforced concrete 
beams with ρv = 0 [42]. Considering all 29 specimens, the proposed 
modeling approach provided adequate accuracy, with an average of 
1.04 and a coefficient of variation (COV) of 10.2% for the experimental- 
to-predicted strength values. 

5. Conclusions 

This paper presented a numerical modeling approach for reinforced 
UHPFRC members by extending the Simplified Diverse Embedment 

Model, which was originally developed for regular-strength fiber rein
forced concrete. A set of comprehensive crack spacing formulations 
were established, and a new bond resistance limit was proposed. The 
proposed modeling approach was employed within the framework of a 
smeared, rotating crack model based on the Disturbed Stress Field 
Model. The proposed approach was validated with 29 large-scale spec
imens reported by seven different research groups. The simulated load 
vs. deflection responses, crack patterns, and failure modes were exam
ined in detail and compared with the experimental data. Essential 
modeling recommendations were made to accurately capture the unique 
behavior of UHPFRC using nonlinear finite element models. The main 
contributions and findings of the study are the following: 

1. Simple relationships are proposed to estimate the important prop
erties of UHPFRC, including the tensile strength of the matrix and 
softening or hardening behavior—entirely based on the readily- 
available input quantities such as the compressive strength of the 
concrete, the fiber length, and fiber diameter.  

2. A new increased bond stress limit is proposed for modeling UHPFRC 
based on test data available in the literature. The simulation results 
have demonstrated the suitability of this limit for modeling beams 
made from both hardening and softening UHPFRC.  

3. It was found that the predictions are very sensitive to the crack 
spacing, which is a common input parameter in numerical models. 
The crack spacing is used to transform average tensile strains into 
crack widths—necessary for the evaluation of the stresses transferred 
by the fibers in the cracks.  

4. For reinforced UHPFRC members subjected to axial tension, the 
crack spacing is evaluated based on a set of formulations considering 
the equilibrium of the concrete between the cracks. This approach 
has produced reasonably accurate estimates of the maximum crack 
spacing measured in tests, as well as adequate predictions of the pre- 
and post-peak behaviors of test specimens in tension.  

5. For reinforced UHPFRC beams, it has been found that it is crucial to 
accurately evaluate the spacing of the inclined web cracks, taking 
into account the effect of flexural reinforcement, stirrups, and fibers. 
These factors have been included in the proposed formulations, 
which are shown to produce reasonably accurate predictions of the 
crack spacing measured in test specimens with both strain-softening 
and -hardening UHPFRC.  

6. The predicted crack spacings were used within the proposed 
modeling approach to simulate the complete behavior of 15 flexure- 
critical and 14 shear-critical beams—made from either hardening or 
softening UHPFRC with either I-shaped or rectangular cross sections. 
The simulation results demonstrate that the model captures the pre- 
peak and peak responses very well, while remaining on the conser
vative side for the displacement capacities of shear-critical beams.  

7. For all 29 beams modelled in this study, the proposed modeling 
approach produced an average experimental-to-predicted strength 
ratio of 1.04 with a coefficient of variation of 10.2%. The results are 
on the conservative side for shear-critical specimens without shear 
reinforcement and with strain-softening UHPFRC. 
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Table A1 
Summary of 29 reinforced UHPFRC beam tests.  

Ref. Specimen bw 

(mm) 
bf,top 

(mm) 
h 
(mm) 

d (mm) a/d fc’ 
(MPa) 

Ec 

(GPa) 
fct 

(MPa) 
Vf 

(%) 
lf 
(mm) 

df 

(mm) 
ρv 

(%) 
fyv 

(MPa) 
ρl (%) fy 

(MPa) 
Vexp 

(kN) 
Vexp/ 
Vpred 

UHPFRC 
type 

Mode of 
failure 

Section 
type 

[43] – 20 200 200 180 2.8 150 47 10 3 13 0.16 0.94 500 2.18 500 230 0.96 H S I 
– 20 200 200 180 2.8 150 47 10 3 13 0.16 0 – 2.18 500 184 0.89 H S I 

[33] B15-26* 58 200 350 320 3.5 166.25 50 7.73 2 15 0.2 1.35 550 3.44 900 757 0.99 S S I 
B17 58 200 350 320 3.5 170.4 50 7.82 2 15 0.2 0.9 550 3.44 900 704 1.05 S S I 
B19- 
25–30* 

58 200 350 320 3.5 174.4 50 7.95 2 15 0.2 0 – 3.44 900 488 0.97 S S I 

B28 58 200 350 320 3.5 165.8 50 7.73 1 15 0.2 0.9 550 3.44 900 628 1.09 S S I 
B20- 
24–29* 

58 200 350 320 3.5 174.4 50 7.92 1 15 0.2 0 – 3.44 900 408 1.15 S S I 

[37] 3A 65 270 380 305 2.5 195 61 9.5 2.5 20 0.3 0 – 2.50 551 923 0.90 H S I 
3B 65 270 380 305 2.5 212 56 9.8 2 13 0.2 0 – 2.50 551 910 0.97 S S I 
4A 65 270 380 305 2.5 195 61 9.5 2.5 20 0.3 0.6 600 2.50 551 1089 1.07 H F I 
4B 65 270 380 305 2.5 212 56 9.8 2 13 0.2 0.6 600 2.50 551 1042 1.09 S F I 

[38,39] US1-1–35 150 150 300 218 3.5 153 47 7.42 1 13 0.2 0 – 6.12 474 660 1.13 S F R 
US1-2–35 150 150 300 218 3.5 159 47 7.57 2 13 0.2 0 – 6.12 474 724 1.00 S F R 
US1-2–2 150 150 300 218 2.0 155.5 47 7.48 2 13 0.2 0 – 6.12 474 750 0.99 S F R 
US1-2–15 150 150 300 218 1.5 152 47 7.40 2 13 0.2 0 – 6.12 474 850 0.94 S F R 
US2-1–3 150 150 300 213 3.0 153 47 7.42 1 13 0.2 0 – 8.76 468 790 1.19 S S R 
US2- 
1.5–3 

150 150 300 213 3.0 154 47 7.45 1.5 13 0.2 0 – 8.76 468 912 1.32 S S R 

US2-2–3 150 150 300 213 3.0 154 47 7.45 2 13 0.2 0 – 8.76 468 950 1.26 S F R 
[41] S13H 150 150 220 177 5.1 212 47 10 2 13 0.2 1.19 491 1.50 510 124.1 1.14 H F R 

S13L 150 150 220 179 5.0 212 47 10 2 13 0.2 1.19 491 0.94 495 87.3 0.99 H F R 
195H 150 150 220 177 5.1 210 47 10 2 19.5 0.2 1.19 491 1.50 510 125.2 0.98 H F R 
195L 150 150 220 179 5.0 210 47 10 2 19.5 0.2 1.19 491 0.94 495 93.3 0.90 H F R 
S30H 150 150 220 177 5.1 210 47 10 2 30 0.3 1.19 491 1.50 510 124.6 0.96 H F R 
S30L 150 150 220 179 5.0 210 47 10 2 30 0.3 1.19 491 0.94 495 94.9 0.94 H F R 

[44] UHP-FRC 229 229 406 305 4.75 145 40 7.22 3 12.5 0.175 2.18 400 12.34 420 1415 1.04 H F R 
[32] SB1 150 150 290 220 3 167 41 11.5 1.5 17.5 0.2 0 538 8.00 618 952 1.15 H S R 

SB2 150 150 290 220 3 167 41 11.5 1.5 17.5 0.2 0.6 538 8.00 618 1075 1.05 H S R 
SB3 150 150 290 220 3 167 41 11.5 1.5 17.5 0.2 0.9 538 8.00 618 1103 1.06 H S R 
SB4 150 150 290 220 3 167 41 11.5 1.5 17.5 0.2 1.4 538 8.00 618 1134 1.09 H F R                  

Avg.¼ 1.04                     
COV¼ 10.2%    

Notation: bw = width of web; bf,top = width of compression flange; h = section depth; d = effective depth of section; a/d = shear-span-to-effective-depth ratio; fc′ = compressive cylinder strength; Ec = elastic modulus; fct =
tensile strength; Vf = volume of fibers; lf = length of fibers; df = diameter of fibers; ρv = stirrups ratio; fyv = yield stress of stirrups; ρl = As/bf,topd = longitudinal reinforcement ratio where As = area of tension reinforcement; 
fy = yield stress of long. reinf.; Vexp = measured shear force at failure; Vpred = predicted shear force at failure; UHPFRC type= “H” for strain hardening and “S” for softening; Mode of failure (reported)= “S” for shear and “F” 
for flexural failure; Section type= “I” for I-section and “R” for rectangular section. 
Notes: 
1) *Two or three nominally identical specimens with averaged fc’ and Vexp. 
2) The italic numbers represent estimated values as measured values were not provided by the authors of the tests. 
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Table A2 
Summary of main calculation results for 29 reinforced UHPFRC beam tests.  

Ref. Specimen d (mm) Vf (%) lf (mm) df (mm) Vf,max (%) UHPFRC type As (mm2) ρs (%) ds (mm) ρv (%) K smx,1 (mm) smx,2 (mm) smy (mm) σcf0 (MPa) Vpred (kN) 

[43] – 180 3 13 0.16 1.85 H 785 13.0 18 0.94 0 9.75 9.75 9.75 8.76 231 
– 180 3 13 0.16 1.85 H 785 13.0 18 0 0 9.75 9.75 9.75 8.76 202 

[33] B15-26* 320 2 15 0.2 2 S 2200 10.2 20 1.35 0 11.25 11.25 11.25 5.73 763 
B17 320 2 15 0.2 2 S 2200 10.2 20 0.9 0 11.25 11.25 11.25 5.80 665 
B19-25-30* 320 2 15 0.2 2 S 2200 10.2 20 0 0 11.25 11.25 11.25 5.89 504 
B28 320 1 15 0.2 2 S 2200 10.2 20 0.9 1.00 44 116 33 2.87 622 
B20-24-29* 320 1 15 0.2 2 S 2200 10.2 20 0 1.00 44 116 33 2.93 433 

[37] 3A 305 2.5 20 0.3 2.25 H 2060 6.2 22.9 0 0 15 15 15 7.06 1025 
3B 305 2 13 0.2 2.3 S 2060 6.2 22.9 0 0.27 39 56 23 5.55 1026 
4A 305 2.5 20 0.3 2.25 H 2060 6.2 22.9 0.6 0 15 15 15 7.06 1025 
4B 305 2 13 0.2 2.3 S 2060 6.2 22.9 0.6 0.27 39 56 23 5.55 989 

[38,39] US1-1-35 255 1 13 0.2 2.3 S 2000 8.9 25.2 0 1.13 72 107 35 2.36 686 
US1-2-35 255 2 13 0.2 2.3 S 2000 8.9 25.2 0 0.27 28 36 22 4.72 728 
US1-2-2 255 2 13 0.2 2.3 S 2000 8.9 25.2 0 0.27 28 36 22 4.72 773 
US1-2-15 255 2 13 0.2 2.3 S 2000 8.9 25.2 0 0.27 28 36 22 4.72 932 
US2-1-3 255 1 13 0.2 2.3 S 2800 12.4 29.9 0 1.13 68 96 35 2.36 745 
US2-1.5-3 255 1.5 13 0.2 2.3 S 2800 12.4 29.9 0 0.70 46 63 27 3.54 803 
US2-2-3 255 2 13 0.2 2.3 S 2800 12.4 29.9 0 0.27 25 31 22 4.72 860 

[41] S13H 177 2 13 0.2 2.3 H 397 2.4 15.9 1.19 0 9.75 9.75 9.75 5.54 115 
S13L 179 2 13 0.2 2.3 H 253 1.5 12.7 1.19 0 9.75 9.75 9.75 5.54 89 
195H 177 2 19.5 0.2 1.5 H 397 2.4 15.9 1.19 0 15 15 15 8.58 134 
195L 179 2 19.5 0.2 1.5 H 253 1.5 12.7 1.19 0 15 15 15 8.58 108 
S30H 177 2 30 0.3 1.5 H 397 2.4 15.9 1.19 0 22.5 22.5 22.5 9.04 138 
S30L 179 2 30 0.3 1.5 H 253 1.5 12.7 1.19 0 22.5 22.5 22.5 9.04 112 

[44] UHP-FRC 305 3 12.5 0.175 2.1 H 8621 18.6 34.9 2.18 0 9 9 9 7.53 1474 
[32] SB1 220 1.5 17.5 0.2 1.7 H 2640 12.1 29 0 0 13 13 13 5.10 836 

SB2 220 1.5 17.5 0.2 1.7 H 2640 12.1 29 0.6 0 13 13 13 5.10 990 
SB3 220 1.5 17.5 0.2 1.7 H 2640 12.1 29 0.9 0 13 13 13 5.10 1023 
SB4 220 1.5 17.5 0.2 1.7 H 2640 12.1 29 1.4 0 13 13 13 5.10 1040 

Notation: d = effective depth of section; Vf = volume of fibers; lf = length of fibers; df = diameter of fibers; Vf,max = theoretical volume of fibers that separates softening from hardening UHPFRC (Eq. (14)); UHPFRC type=
“H” for strain hardening and “S” for softening; As = area of tension reinforcement; ρs = As/Acb = longitudinal reinforcement ratio used in Eq. (12); ds = diameter of longitudinal reinforcing bars; ρv = stirrups ratio; K =
factor according to Eq. (13); smx,1 = horizontal crack spacing in the effective tension zone (Eq. (12) and Fig. 5); smx,2 = horizontal crack spacing in the rest of the section (Eq. (12) and Fig. 5); smy = vertical crack spacing; kw 
= factor according to Eq. (4); σcf0 = maximum crack stress that the fibers can transfer across a crack (acc. to SDEM with αf = 0.5); Vexp = measured shear force at failure. 
Note: The italic data represent estimated values as measured values were not provided by the authors of the tests. 
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