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April 5, 2008

This examination has been checked carefully for errors. If you find what you believe to be an error
in a question, report this to the proctor. If the proctor’s interpretation still seems unsatisfactory
to you, you may modify the question so that in your view it is correctly stated, but not in such a

way that it becomes trivial. If you feel that the examination is on the long side do not panic. The

grading will be adjusted accordingly.
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1.

Do eight questions

If (X,d) is a metric space thefx € X : d(X, Xo) < €} is said to be the closed ball of radias
and centex,. Prove that a closed ball is a closed set.

Define what it means foiX( d) to be a metric space. Theh: X x X — R: is d continuous?
Discuss. If you cannot answer in general do it Xo& R with the usual topology.

Prove or disprove: if a metric space is compact then it is bounded.

A setis said to have the finite complement topology if the closed sets are the finite sets together
with the empty set. Lef : R — R be the identity magd (X) = x where in the domaii® has

the usual topology but in the codomain it has the finite complement topology. Show ighat
continuous. Isf a homeomorphism? Explain your answer.

LetB be an open subset of a topological spAcérove that a subsét c B is relatively open
in Bif and only if Ais open inX.

Define the terntlosureA of a subspacé of a topological spacX. Prove that ifA andB are
subspaces of andB is closed andh c B thenA c B.

Let X = I,cwX, be the Cartesian product of the topological spa¢e$.{m and letX have
the product topology. Recall that a spacé isf any two distinct points in the space can be
separated by not necessarily disjoint open sets. Show that if Egachy is T, then so isX. If
you cannot do it foif; spaces do it for Hausdfbrspaces.

Define compactness for a topological space. A collection of subsets is said to have the finite
intersection property if every finite class of those subsets has non-empty intersection. Prove
that a topological space is compafitevery collection of closed subsets that has the finite
intersection property itself has non-empty intersection.
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9. Prove that the continuous image of a connected set is connected. Prove that a path-connected
topological space is connected.

10. It is a fact that every compact subset of a HauSdgace is closed. Moreover a topological
space is said to heormalif every pair of disjoint closed sets can be separated by disjoint open
sets. Prove that a compact Haudtlepace is normal.

11. Let X be a topological space. L& c X be connected. Prove that the closu#ef A is
connected.

12. Define the term “identification map.” F maps open sets to open sets and is surjective show
that f is an identification map. What happens if we replace “open” by “closed” in the preceding
sentence?

13. Prove or disprove: in a compact topological space every infinite set has a limit point. If you
cannot answer the question for a compact topological space answer it for a metric space.

14. Prove thaR is connected.



