
Masters' Comprehensive Exam
Real and Complex Analysis

April 2008

G. N,Iartin and H. Wolff

Instruct ions:

1. If you think that a problem is incorrectly stated ask the proctor. If his
or het'explanation is not to your satisfaction, interpret the problem as
you see fit, but not so that the ansrver is tr ivial.

From each part solve 4 of'the O fir 'e ltroblems.

If you solve nlore than four problems frorn each pzrlt. inclicate the prob-
lems that you u'ish to have graded.

Part A: Real Analysis

1. LeL E c R and let  fn:  E -+ R be a sequence of furrct ions.

i. Give the definit ion of the statement f, converges uniformlS, to f on E.

i i . Determine if '  the sequence J"@) - #n converges uniformil, on the
interval  (0,  1).

i i i .  Prove that if f" is a sequence of continuous functions that con\rerges
uniformly on lo,b) to f , then l im,,*_ t! f"@)dr _ Ib f @)clr

2. i. State the N,lean Vaiue Theorem.

ii '  Sliorv thzit i f '  that it f (r) is three tirnes continuously clifferentiable o1
R and there exists points 11 { rz ( r;3 { rt rvit}r J (t:1) - J'e.i l  -
J@t) -  f  ( ro),  then t l iere is a point  r l  in the inten,al  (r , , r*)  q, i t5
f @ ( r i _ 0

3. Suppose that f (r) is continuous on [0, cc) u,ith /(0) : 0, ancl cl iff 'erentiable
on (0,  cc) rv i th 0 {  f  

' ( r )  < 1.
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i. Shorv that the function

F(,) -, l; f Q)(rt - u@D','

i i .

u l .

is increasing on 10, cc)

Shorv that tf r ) O, , 
lo'

Shorv thar ( [ '  f  ( i l (r t \ 'z
\ / o  

r \ /  
/

f  ( t)dt > ( l  @))'

f @3at

4. Let (trf, d) and (x, h) be metric spaces and let J : At -+ x be a continuous
function. If A't is compact, show that I is unilbrrnly conti luous o' r11.

5.  suppose that f  ( t ) -  DE, fo(r)  converges u. i fbrmly on :r  set E g R,
and suppose that gln) is boundecl sequence that uniformiy conyerges to
its i imit on E and r,vith th(n)
DLu f n(r)Sn(r) converges uniformly on E.

6. Let (X, d) be a metric space and suppose that,4 C X is closed ancl 1( _C f
is compact. Shou, that , l(A,1{) > 0 if 'aucl onll i f  .{ n A - [) u,herc. r1(,{. /{)
is the distance betu'een 1 and 1{ ancl is clefinecl b1,

,1(A, K) :  inf ' {d(r ,  a) l r  € A, ,y € I i }

Part B: Complex Analysis

1. Express in the form f  (r)  -  u(r ,A) + iu(r ,y)  the square root fu lct ion
J'Q) - Jz rvith the discontinuity in the negative real axis.

2. Consider the f unctiort f (z) - t * l . Shorv that the iryrages of' circles of'
radius p about z - 0 under the transfbrmation defined by J Q) are ell ipses,
and descr ibe the image of ' the uni t  d isk.

3' Suppose that f (t) is an analytic function on a clomain D ancl -R is a closecl
and bounded subset of D that is mapped onto the unit disk. Sho*' that if z
is an inter ior point  of '  R, then I  Q) l ies in the inter ior of  the ul i t  d isk.

4.  i .  Find the pou'er ser ies erpansion of  for J 'Q) _ (e,  -  1)2 about;  _ 0
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Find the Laurent expansion of f (r)

tured disk, 0 < |  z *21 < r /5.
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5' Use the inequali ty I  I"  JQ)ctzl < I" l f  (z) lcls (u,here here ds indicates
integration u' i th respect to arc length), to shou,that i f  Log(z) is the principlc
'alue of ' the logarithm functiorr,  trren fbr l t  -  r l  < p < 1, l los(r) l  < 

i j

6. Prove that 1* 
r sin(r) 
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