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Nonparametric Statistics:
1. (20 points) This problem relates to paired data (Xi,Y1),...... (Xn, Yy,), with distri-
butions F(z) and G(y) for X and Y. Denote Z; =Y; — X.

a. (b points) Give the model assumptions required to be able to perform the signed
rank test for equality of medians for these distributions.

b. (5 points) If n = 4 and given that there are only two distinct values for | Z|s with two
ties each, find the conditional distribution of 7", the signed rank test statistic, under
the assumptions given in part a and under Hy : 8x == 0y,. Use this distribution to
find E(T*) and var(TT) in this case.

¢. (5 points) If the data is (9,8),(2,3), (4,7) and (12,15), can we reject Hy in favor of
Hi : 0x < fy at (nominal) level of significance & = 0.207 Use the exact distribution
from part b.

d. (5 points) Use the formulas given below to find vare(T) in this case. Do you get
the same answers as var(T*) in part b?

g

varg (TT) = (24)"" [n(n+1) (2n +1) — Z (t; — 1) (t; + 1)

Linear Statistical Model:

2. (30 points) Creatinine clearance (y) is an important measure of kidney function, but is
difficult to obtain in a clinical office setting because it requires 24-hour urine collection.
To determine whether this measure can be predicted from some data that are easily
available, a kidney specialist obtained the data that follow for 33 male subjects. The
predictor varillbles are serum creatinine concentration (z;), age (z2 ), and weight (z3).

The SAS output is given in the attached paper. Please answer following questions:

a. (5 points) Use C;, criterion to choose the best subset of variables in the full model
Yy = bo + bwl + bng + b3£IJ3 + €.

But theoretical arguments suggest use of the following regression function (use this
model for b, ¢, d, e):

h'ly = [+ PiInay +ﬁ2h’l(140— 332) + J3lnzs + €.

b. (5 points) Find ﬁg, ,81, /32, ,53.
¢. (5 points) Obtain the variance inflation factors. Are there indications that serious

multicollinearity problems exist here? Explain.
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d. (5 points) Obtain the studentized deleted residuals and identify any outlying ¥
observations. Use the Bonferroni outlier test procedure with o = 0.10. State the
decision rule and conclusion. Obtain the diagonal elements of the hat matrix and
identify any outlying X observations.

e. (10 points) Cases 28 and 29 are relatively far outlying with respect to their Y values.
Obtain DFFITS, DFBETAS, and Cook’s distance values for these cases to assess

their influence. What do you conclude?

(Hint: The sample size is 33, which we consider as a large sample size.)

3. (15 points) Suppose Y = X3 + € where e ~ MV N(0,H), where YT = (YT, , YT)
with Y] = (Vig, -+, Yin).
a. (5 points) Give the formula for the ordinary least squares estimator 3.

b. (5 points) Give the formula for the generalized least squares estimator ,@
¢. (b points) Which estimator do you prefer? Briefly explain.

4. (35 points) A study was conducted to test whether a new treatment for muscle strength
is effective. The subjects were randomly assigned to the treatment group or placebo group.
‘There are N subjects in each group. Measurements of muscle strength were taken at times
0 (baseline), 2, and 8 months. Assume that there is a correlation between the observations
from the same sub ject and no correlation between the observations from any two different

subjects.

a. (10 points) Suppose the observations are Y7 = (Y7,.--,Y%,), where YT =
(Yi1, Yip,Vis) and Yy, being the observation for the 4-th subject at the k-th occa-
sion. Let the baseline (month 0) and the placebo group as the reference group, and
vector 3 is the linear model coefficients. Write down the linear model for this study
using dummy variables. Label the variables in the model clearly.

b. (5 points) Let L denote a matrix of known weights. The null hypothesis that the
patterns of change over time do not differ in the two treatment groups can be
expressed as Hp : L3 = 0. Describe an appropriate weight matrix L for this null
hypothesis.

c. (10 points) The Appendix is the SAS code and outputs for the models with three
different covariance structures. Choose the most appropriate model and briefly
ezplain.

d. (10 points) Using the model you chose above, interpret the estimated regression
coefficients in terms of the effect of the treatments on the patterns of change in

muscle strength.
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Problem 2.

data final?2;
input vy x1 x2 x3;
datalines;

132.0 0.71 38.0 71.0
53.0 1.48 78.0 69.0
57.0 1.37 68.0 52.0

run;

proc reg data=final?2;
model y = %1 x2 x3/selection
run;

The REG Procedure
Model: MODELI

Dependenl Variable: y

C(p) Seleclion Method

Number of Observalions Read
Number of Observalions Used

Number in

SAS OUTPUT

cp b;

33
33

Model Clp)  R-Square Intercepl x1 X2 x3
3 4.0000 0 8544 12004728 -19.93933 -0.73677 (77642
2 224041 0.7527 196.24154 ~43.41076 -(.65689
2 29.1518 0.7189 104.32904 -63.85324 0.66441
| 42.3306 0.6429 154.66173 -05.55969 . ,
2 52,8666 0.6002 84.83155 - 121762 0.94466
| B1.6508 0.4461 150.71892 -1 A7040 .
! 146.8485 0.0197 24 96819 . 083043
data final2;
set final2;
newy = log(y);
newxl = log(xl);
newx?2 = log(140-x2);
newx3 = log(x3});
run;
proc reg data=final?2;
model newy = newxl newx2 newx3 / r vif influence tol;
run;
quit;

data final2;
set final2;
newy log(y);
newxl = log(xl});
newx2 = log(140-x2);



newx3

run;

log(x3);

proc reg data=final2;
= newxl newx2 newx3 / r vif influence tol;

model newy

run;
quit;
The REG Procedure
Model: MODELL
Dependent Variable: newy
Number of Observations Read 33
Number of Observalions Used 33
Analysis of Variance
Sum of Mean
Source DF Suares Square  FVaue Pr>F
Model 3 462887 1 54296 6254 <0001
Brror 29 0.71551 (0.02467
Correcled Tolal 3w 534438
Root MSE 005708 R Square  0.866]
Dependenl Mean 430072 A R-5¢  0.8523
Coell Var 3:59381
Parameler Bslimales
Parameler Standard Variance
Variable  DF = Eslimate Ervor | Value Pr>[l|  Tolerance  Inflation
Intercepl 1 -2.04269 1.01919 S200 00545 . 0
newx | | ~-0.71195 0.09203 -7.74 <0001 0.74665 1.33932
newxe | 0.74736 0.15696 476 <.0001 0.75182 1.33011
newx3 | 0.75745 0.15923 476 <.000] 0.98422 1.01603
The REG Procedure
Model: MODELL
Dependent Variable: newy
Output Slalislies
Dependent Predicled  Sld Error Std Error Sludent. Cook's
Obs Variable  Value Mean Predicl Residual Residual Residual -2-101 2
[ 486286  4.8864 0.0500 -0.003632 0.149 -0.0244 | | | 0.000
39703 3.9698 0.0478 0.000518  0.150 0.00346 | [ | 0.000
3 39120 3.9436 0.0659 00316 0143 -0.221 ] | | 0.003
4 44067  4.3660 0.0641  0.0407  0.143 0284 ] | | 0.004
5 47006 47238 0.0621 -0.0233  0.144 -0.162 ] f | 0.001
6 46062  4.6292 0.0561 -0.0241  0.447 -0.164 | l | 0.001
7 42195 41230 0.05556  0.0965  0.147  0.657 | o] 0015
8 45218 46108 0.0414 -0.0890  0.152 -05687| Y | 0.006
9 40043 4.1016 0.0367 -0.007273 0153 -0.0476 | | | 0.000
10 45433 4.6207 0.0485 -0.0774 0149 -0518 | Y [ 0.007
11 46540  4.4836 0.0407 01703 0052 1123 [v | 0.023
12 45850  4.7136 0.0522 -0.286 0148 -0868| Y | 0.023
13 47186 47315 0.0587  -0.0130 0.146  -0.0890 | { | 0000

D



14 48283 4.8458 0.0493 -00175 0149 -0.117 ] |1 0000
16 46821 45210 00438 04611 0151 1068 | [ 004
16 34012 3.6018 0.0672 -02006  0.142 -1412] v [ 0l112
17 47095 45983 00459 04012 01580 04l ! 0.013
18 48675  4.7270 0.0566 01406 0.147 0957 ! 0.033
19 45433 44023 0.0644 00410 0.147  0.957 ' 0.031
20 48675  4.6410 0.0684 02266  0.141 1602 L (.150
21 4077 . 43153 0.0583 -02378  0.0146 -1630) 0 0.106
22 36376 37238 0.0697 -0.0863 0141 -0.613 f 0.023
2y 40744 41084 0.0369 00659 0053 0432 0.003
24 44427 44087 00602 00339 0445 023 .002
25 49416 - 5.0003 (L0667 <0086 0046 -0.742 ' 0.021
260 4.3820  4.5841 0.0647 -02021 0143 -1412 H 0.102
27 37612 38109 0.0641  -0.0497 0147 -0.337 0.004
28 43175 4.0077 0.0497 03008 0.149 2079 | [t 020
20 37136 4.0633 0.0431 -0.3497 0051 -R31H| 0.109
30 4987 4.894t 0.0797 -0.1066  0.138 -0.774 ! 0.045
3t 395612 4.1000 00379 -0.1487 0152 -0.976 ! 0.015
32 42006 4.0041 00414 02863  0.152 1890 ] 1+ 0.067
33 4030 19223 00606 01208  0.145 0834 | Pl 0080
Qutpul Statislics
Hal Diag Cov i L 1 0
Obs RStudent H  Ralio  DEFITS Inlercepl  newxt  newx2  newxd
[ -0.0240  0.1012 12802 -0.0080 00006 0.0M8 -0.0007 0.0006
2 0003400 0.0926 12681  0.0011  0.0007 -0.0000 -0.0008 -0.0002
I -02177 04760 13870 -0.0006 Q0415 -0.0759  -0.0123  -0.0497
402794 00668 13657 00250 -0.0827  0.0228  -0.0230  0.1041
5 00580 00665 13593 -0.0684 00010 0.0474  0.0059  0.0382
S0 -DAGIE 0T LAY -0.0616 -0.0292  0.018  0.0377  D.003]
706500 01247 L2382 0.245% 02071 -0.1181 <0928 - 0.1067
0 -05807 00696 10789 01588 00033 00002 00613 -0.0637
9 00468 00545 L2660 000112 -00004 00047 00024 -0.0021
10 -05113  0.0952 12253 ~-0.0668  0.0129 00793 00687 -0.0948
1 LIR79 0.0670 10325 03023 00600 -0.1504 -0.1694  0.0941
2 -0.8644 00104 11edl 03044 02203 -0.0238 -0.0880 -0.2467
13 -0.0875 00397 13362 -00302 -0.0135 0.0231 0.0003 00168
14 -0.1152  0.0985 12740 -0.0881 -0.0022 0.0268 -0.0030  0.0050
15 L0705 0079 1.0626 03106 00166 -0.1453 -0.1567  0.1457
16 -14382 01828 10588 06802 -0.0604 -04809 0.1000 -0.0127
I7 07346 0.0855 11657 02246  -0.1398  0.0763  0.1791  0.0309
1809553  0.1262 L1670 03614 ~0.3057 01200 02590  0.1989
19 09556  0.01198 11498 03525  -0.1836 02116 02902 -0.0178
20 1.6490  0.1897 09802 07980 -0.3991 02977 07076 -0.1159
21 -16808  0.1380 09088 06725  -04385 02330  0.0718  0.5664
22 -06060 0.1969 13600 -0.3000 02317 -0.0250 0.0092 0.2421
23 04207 0.0561 11868 0.1028 00072 00541 -0.0077  (.0206
24 02300 0.0470 13388 0.0056  -0.0500  0.0580  0.0810 -0.0070
26 -0.7358 01303 12266 -0.2849  0.0H8 00365 -0.0959 --0.0785
26 ~14376 01699 10426 -0.6604 03584 -0.2938  -0.5806  0.0494
27 -03316  0.0185 L2851 - 00216 -0.0020  -0.0839 001290 -0.0108
28 22046 01001 06706 07385 05209 -0.0506  -05768 01874
29 25200 00753 05494 07190 -0.0973 -0.3100 -0.1334 04202
a0 07687 02321 1AYEY 04226 0.M4I8 D660 01079 03322
31 -0.9748  0.0581 10690 02422 -0.02M  -0.0790 00817 -0.0835
3219828 0.0694 07310 05414 0072 02497 0.0126 -0.2652
33 08290 01488 12269 03467 02706 -0.0153 -0.1063 -0.2906
Sum of Residnals 0
Sum of Squared Residuals 0.71551
Predicled Residual SS (PRESS) 0.91672
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Appendix for Problem 4

SAS Program

st s s ok ok st otk ot ok sk ook o ok ok ok o R s R ok ko sk ok sk R R o ot otk ok ok ke ok ok ok ook K ok ok ok ok o ok oK ok ok ok sk ok sk sk sk ok sk sk ok Kok ok sk sk sk ok ok ok ok ok

data exercise;
infile ’F:\exercise.dat’;
input id group y0 y2 y8;
y=y0; day=0; output;
y=y2; day=2; output;
y=y8; day=8; output;
drop y0 y2 y8;
run;
data exercise;
set exercise,
time=day;
TUun;
titlel Unstructured covariance;
proc mixed method=reml noclprint=10;
class id group time;
model y = group time groupxtime / s chisq;
repeated time / type=un subject=id r rcorr;
run;
titlel Exponential covariance;
proc mixed noclprint=10;
class id group time;
model y = group time group*time / s chisq;
repeated time / type=sp(exp) (day) subject=id r rcorr;
run;
titlel Autoregressive covariance;
proc mixed noclprint=10;
class id group time,
model y = group time group*time / s chisq;
repeated time / type=ar(l) subject=id r rcorr;
run;

st ok sk sk ok sk sk sk sk ok Kk sk o ok ke o ok oK sk o s o sk sk sk ok sk sk sk o sk s sk o o o ok ok o ok o o ok ok ook o ok sk sk sk o o sk ok ok sk ok o sk sk sk sk sk ok sk ok skok ok o

SAS Output

sk sk ok ok ok ok fsksk ok sk sk kK skok sk ko kol sk sk sk skt sk okl stk ko ko sk ok ko ook ok kskok ko ok ok skok ko ok ok
Unstructured covariance for strength data 12

The Mixed Procedure
Model Information

Data Set . WORK . EXERCISE
Dependent Variable y

Covariance Structure Unstructured
Subject Effect id
Estimation Method REML

Residual Variance Method None

Fixed Effects SE Method Model-Baged

Degrees of Freedom Method Between-Within
Class Level Information

Class Levels Values

id 37 not printed

group 2 12

time 3 048
Dimensions
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Effect

Intercept
group
group
time

time

time

group*time

group*time
group*xtime
group*time
group*time
group*time

Effect

Covariance P
Golumns in X
Columns in 7
Subjects

arameters

Max Obs Per SBubject
Number of Observations

Number of QObservations Read 111
Number of (Qbservations Used 107
Number of Observations Not Used 4
Estimated R Matrix for id 1
Row Colt Col2 Col3
1 9.6683 10.1859 9.7866
2 10.1859 12.6032 12.5043
3 9.7866 12.5043 13.7122
Estimated R Correlation Matrix for id 1
Row Coll Col2 Col3
1 1.0000 0.9227 0.8500
2 0.9227 1.0000 0.9512
3 0.8500 0.9512 . 0000
Covariance Parameter Estimates
Cov Parm Subject Estimate
UN(1,1) id 9.6683
uN(2,1) id 10.18569
UN(2,2) id 12.6032
UN(3,1) id 9.7866
UN(3,2) id 12.5043
UN(3,3) id 13.7122
Fit Statistics
-2 Res Log Likelihood 412.5
AIC (smaller is better) 4245
AICC (smaller is better) 425.4
BIC (smaller is better) 434 .1
Null Model Likelihood Ratio Test
DF Chi-Square Pr > ChiSq
5 140.92 <,0001
Solution for Fixed Effects
Standard
group time Estimate Error DF  t Value Pr > [t
82.56385 0.8119 35 101.66 <.0001
1 ~-1.3190 1.2334 35 -1.07 0.2922
2 0 . . . .
0 -1.4909 0.4330 35 -3.44 0.0015
% —0.5168 0.2651 35 -1.95 0.0595
1 0 -0.04108 0.6562 35 -0.06 0.9504
1 4 0.1094 0.3963 35 0.28 0.7842
i 8 0 . . . .
2 0 0
2 4 0
2 8 0 . .
Type 3 Tests of Fixed Effects
um Den
DF DF Chi-Square F Value Pr > ChiSq Pr > F
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group 1 35 1.36 1.36 0.2437 0.2b16
time 2 35 23.37 11.68 <.0001  0.0001
Type 3 Tests of Fixed Effects
Num Den . .
Effect DF DF  Chi-Square F Value Pr > ChiSq Pr > F
group*time 2 35 0.22 0.11 0.8951  0.89556

Kook kR ok ook Rk sk ok okt sk skoloRoko sk ko stk sk ok ko stk kol sk skt ik ok stk ko sk kb o sk sk ok ko koo
Exponential covariance for strength data 15

The Mixed Procedure
Model Information

Data Set ) WORK . EXERCISE
Dependent Variable y
Covariance Structure Spatial Exponential
Subject Effect id
Estimation Method REML, |
Re51dua Variance Method Profile

Fixed Effects SE Method Model-Baged

Degrees of Freedom Method Between-Within
Class Level Information

Class Levels Values

id 37 not printed

group 2 12

time 3 048

Dimensions

Covariance Parameters 2
Columns in X 12
Columns in Z 0
Subjects 37
Max Obs Per Subject 3

Number of Observations

Number of Observations Read 111
Number of (Observations Used 107
Number of Observations Not Used 4
Estimated R Matrix for id 1
Row Coll Col?2 Col3
1 11.6177 10.8084 10.05655
2 10.8084 11.6177 10.8084
3 10.0555 10.8084 11.6177
Estimated R Correlation Matrix for id 1
Row Coli Col2 . Col3
1 1.0000 0.9303 0.8655
2 0.9303 1.0000 0.9303
3 0.8655 0.9303 1.0000
Covariance Parameter Estimates
Cov Parm Subject Estimate
SP(EXP) id 55.3954
Residual 11.6177
Fit Statistics
-2 Res Log Likelihood 419.8
AIC (smaller is better) 423.8
AICC (smaller is better) 423.9
BIC (smaller is better) 427.0

Null Model Likelihood Ratio Test
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DF Chi-Square Pr > ChiSq
1 133.62 <.0001
Solution for Fixed Effects
Standard

Effect group time  Estimate Error DF t Value Pr > [t
Intercept 82,5891 0.7491 35 110.26 <.0001
group 1 -1.4083 1.1374 35 -1.24 0.2249
group 2 0 . . .
time 0 -1.5415 0.3958 66 -3.89 0.0002
Elme g —0.5808 0.2955 66 ~-1.96 0.0638

ime . . . .
group*time 1 0 0.04520 0.5987 66 0.08 0.9400
group*time 1 4 0.2090 0.4416 66 0.47 0.6375
group*time 1 8 0 . . .
group*time 2 0 0 .
group*time 2 4 0
group*time 2 8 0 .

Type 3 Tests of Fixed Effects
Num Den . ,

Effect DF DF  Chi-Square F Value Pr > ChiSq Pr > F

group 1 35 1.45 1.45 0.2286 0.2367

time ) 2 66 29.80 14.90 <.0001 <.0001

group*time 2 66 0.36 0.18 0.8364 0.8368

**************************************************************************Tg

Autoregressive covariance for strength data

The Mixed Procedure
Model Information

Data Set
Dependent Variable

WORK . EXERCISE

Covariance Structure Autoregressive
Subject Effect id

Estimation Method REML

Residual Variance Method Profile

Fixed Effects SE Method
Degrees of Freedom Method

Model~-Based .
Between-Within

Class Level Information

Class Levels Values

id 37 not printed

group 2 12

time 3 048

Dimensions
Covariance Parameters 2
Golumns in X 12
Columns in Z 0
ubjects 37

Max Obs Per Subject 3

Number of Observations
Number of QObservations Read 111
Number of Observations Used 107
Number of Observations Not Used 4

Estimated R Matrix for id 1
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Effect

Intercept
group
group

time

tlme

time .
group*time
group*time
groupxtime
group*time
group*time
group*time

Effect

group
time .
group*time

group

N —

AN = b

Num
DF

1
2
2

Estimated R Correlation Matrix for id 1
Row Colil Col2 Col3
1 1.0000 0.9304 0.8656
2 0.9304 1.0000 0.9304
3 0.8656 0.9304 1.0000
Covariance Parameter Estimates
Cov Parm Subject Estimate

AR(1) id 0.9304
Residual 11.6191

Fit Statistics

-2 Res Log Likelihood 419.

AIC (smaller is better) 423,
ATICC (smaller is better) 423,
BIC (smaller is better) 427,

Null Model Likelihood Ratio Test
DF Chi-Square Pr > ChiSq
1 133.62 <.0001
Solution for Fixed Effects
Standard

OWwWw

time Estimate Error DF t Value

82.5891
-1.40563
0

-1.5415
-0.5803

0
0.04519
0.2090

7491 35
.1375 35

b O

.3958 66
19385 66

.5987 66
4416 66

Q0 > O 00 > OO
OO OO

QOO O

Type 3 Tests of Fixed Effects

Den
DF  Chi-Square F Value

35 1.45 1.45

66 29.80 14.90
66 0.36 0.18
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0
<
0

Pr > ChiSq

. 2287

.0001
.8364

Pr > F

0.2367

<.0001
0.8368



