MS Comprehensive EXAM

DIFFERENTIAL EQUATIONS
Spring, 2019
Biao Ou, Sonmez Sahutoglu

This exam has two parts, ordinary differential equations and partial differential equations.
Choose four problems 1 each part

Part I: Ordinary Differential Equations

1. Find the solution of the imtial value problem on (0, 00) Draw the graph of the solution
as a parametric curve

?(8) = y(1), y'(t) = =da(t) = 2y(t), =(0) =1, ¢'(0) = -2

2. Find three hnearly independent solutions of the equation and show that these solutions
arc lincarly mdependent,
y" + 3y + 3y () +y=0

3. Prove that there are no contmuous functions p(t), ¢(t) on R so that y;(I) = ¢ and
ya(t) = ¢* are both solutions for y” + p(t)y’ + q(t)y = 0.
4. Draw the phase portrait of the differential equation on the half plane z > 0 Find
the smallest vy such that the solution 1({) of the equation with the mitial conditions
2(0) = 0,2(0) = vy satisfies himy_,, 2(t) = 00
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5. Let A = [4 1}

1 Find the eigenvalues and corresponding eigenvectors of A

2 Draw phase portrait of X’ = AX near the origin and determine the stability of the
origin

3 Solve X' = AX by computing et

6. Compute eigenvalues and eigenfunctions of the following Sturm-Liouville problem.

y'(@) + dy(z) =0, y(0) = y(27), y'(0) = ¥ (2n)

7. Suppose y(t) has continuous first derivative and satisfies |y'(¢)] < 2y(¢) on [-1 1] and
y(0) =0 Show that y(t) 1s 1dentically equal to zero on [-1,1].



Part II: Partial Differential Equations
1. Find a solution of the mitial value problem for the heat equation

w(z,t) = dug(x,t) on —oo <z <oc, t>0,
w(2,0) =3e72” +2 for —oo <& <oc

2. Find the general solution for wy — 3ty + 21, = 0 on R?
3. Find all functions vz, y) satistyimg Au + Au = 0, where A 1s a numnber, mside the umt
square [0, 7] x [0, 7] and vanishing on 1ts boundary

4. Solve the mitial-boundary value problem for the wave equation

w (T, t) = Yy (2, 1) on)<x<wt>0,
w(0,8) =0, u(m,t)=20 for t > 0,

u(x,0) = 3sm(x) — §sin(3z) + 2sm(5z),

u(x,0) =0 for0<ao<m

5. Show that the following boundary value problem has at most one solution

Up = Ugg, O<z<1t>0
u(z,0) = f(z), 0<z<1
t>0
t>0

6. Let u(z,y) = (z,y) = —x*+y?+y*—3z% Fmd v(z,y) satisfymg the Cauchy-Riemann
equations
du dv  du  Ov
ox oy’ Oy  Ox
and the condition v(0,0) = 0
7. Let Q be a bounded domain in R® Suppose a C? function u satisfies —Au < 0 mside

the domaimn and « < 0 on 1ts boundary Prove that «(2) < 0 inside the domamn



