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This exam has two parts, ordinary differential equations and partial dif-

ferential equations. Choose four problems from each part'

Part I: Ordinary Differential Equations

1. consider the differential equation with initial condition

dr lc t t  -  F( t , r ) ,  r (a)  -  rs  €  R"

where  r ( t )  -  ( r r ( f )  , r z ( t ) ' . . . ,  r , , ( t ) ) t  un -d

F ( t , r )  : ' ( r r ( ; ,  i ) , p r ( t , r ) , . . ' , F n ( t , t ) ) ' '  S u p p o s e  F ( t , z )  i s  c o n t i n u o u s  f o r

a{ t  s  b  and r  €  R and,  sat is f ies  aL ipsch i tz  cond i t ion lF( t '  r ) -F( r ,y ) l  <

L l r - 9 i  f o r  a l t  S b a n d  a L I r , Y '
(a) Convert the differential equation with the initial condition into an

equivalent integral equation'
(b) Set up the picard iteration process and prove that the sequence con-

verges uniformly on the intervai [a, b] to a limit function r* (t).

lc) Show that r-(t) is a soiution to the differential equation on [a, b].

(d) Establish that the solution to the differential equation with the given

init ial condition is unique.

2. Lel k(s) be a continuous function on [0,1]. Consider

l # _  - t G ) # ,  # - k ( s ) f f :
I ,iol - o, e(0) - o, ,'(o) - 1, v'(o) - o.

1) Turn the problem into a system of first order linear differential equa-

tions with an init ial condition'

2 )  Show tha t  * ' ( t ) ' +y ' ( t ) ' -  l  f o r  a l l  s  i n  [ 0 ,1 ] '
gi Sotve the systern for the cases k(s) - 0,k(t) : -2 respectivel,v.

3. Consider
A - -3sin(9) , o(o) : go, B(o) - o.



Show that the solution 0(l) is a periodic function if 0 < 00 < nl2. Find a

formula for the period T(00) and find the l imits

l im T(00).  I im 7(06)
lo ' -+( i ) -  9o -0*

4. Find ali the eigenvalues and eigenfuntions of the Sturm-Liouville svstem

y"  +  \y  -  0 ,  y (0 )  :  0 ,  y ' ( r )  -  0 .

6.  Give an example of  the in i t ia l  va lue problem y '  :  F(r ,y) ,A(o)  -  c  that

has more than one solut ion.

5. Solve the init ial value problem.

* f t i i l )  : ( i ; ) ( ; l : l  ) . (?) ,  ( ; [s ]  ) : ( ; ' )



Part II: Partial Differential Equations

1. (Dirichlet problem on the Unit Disk) Ler f (0) be a continuous and 2r-

periodic function with Fourier series

ao *a,  ,
f  (0)  ̂ ,  ;  + L (aa t 'os k0 + b7, sin kd).

L

K = I

Let
a s  g  b r

u(r. g) - 
;  

+ I  ,r  (ot cos k0 * b* sin kd) .
K = l

(a) Prove that the series for u(r,0) converges uniformlyon an5, disk Bn:

{ ( r , 0 )  I  0  S ,  <  R }  w i t h  E  <  1 .
L \

(b) show how to rewrite the series for u(r,0) in the form

f '2n' u ( r ,0 ) :  
J ,  f  @)P(r ,0  -  d )d 'O

where P is the Poisson kernel satisfying

P ( r , d ) : l  .  - t - " '  = -' / r -  
2 r r - 2 r c o s 6 + r ' '

(c) Prove that l im"-, r u(r,0) : f (0) uniformly'

2. (Removable Singularit i '  for Harmonic Functions) Suppose u(r,l i  is a

continuous harmonic function satisfyin g lu(r, g) I < Iv[ for some constant ]U

on the deleted unit disk 0 < \ETT < 1. Prove that the singularity at the

origin is removable.

3. (Nlarimum Principle for the Heat Equation) Let

0 -  { ( t , , t )  l r e  u , 0 ( t < T }  c R " + 1

u,here c,' is a bounded open set in ft". Set

A ' Q  :  { ( r , r )  l r € 0 c 0 , 0 < t < T
o r  r  e  a , t :  0 )



Let u € C0(0) n Ct(Q) satisfy ?11 - Au ( 0 in Q. Prove that

maxu  -  maxu .
CI a'Q

4. (Harnack's Inequality) Let u(r,y) be a posit ive continuous harmonic

function on the disk

Bo :  { ( r , y )  l  r '  +  a '  <  o ' } .

(a) Prove the Harnack Inequality

+u(0, o) S u(r, i l  S +-Lu(o, o)
a * r

w h e r e  r  -  t F  + f  1 a .
(b) Show that if u(r, y) is a posit ive continuous harmonic function on R2

then u(r ,y)  is a constant funct ion.

5. Derive the complete solution to the one-dimensional wave equation trft:

c2't1", on -oc ( r ( cc, , > 0 with the initial conditions

u ( r  , 0 )  :  f  ( r )  u "s ( r  , 0 )  :  S  @)

6. Consider the eikonal equation 
"7 

+'u? - u'.
(a) Find al l  solut ions of  the form u(r , l l )  :  f  ( r ) .
(b) Use (a) to wri te down a general  solut ion LL -  u(r ,A,a,b).  (Hint :  Use

the fact that the PDE is invariant under rotations in the ry plane.)
(c) Find the soiut ion of  the PDE sat isfy ing the condit ion u(r ,x)  :3r.


