Spring 2001 Ph.D Qualifying Exam in Real Analysis

Time 3 hours, closed book, no notes. Answer any six questions completely to
get full credit.

1. (a) State the Stone-Weierstrass theorem.

(b) If f is a continuous function on [0, 1] such that fol 2" f(x)dz = 0 for
n=1,2,3, -, then show that f(x) =0 for all z € [0, 1].

(c) Show that the algebra generated by the set {1, 2%} is dense in C0, 1]
but fails to be dense in C[—1, 1].

2. Show that if 0 < p < ¢ < 1 < o0, then LY(R) C LP(R) + L"(R); that is,
each f € LY(R) can be written as the sum of a function g € LP(R) and a
function h € L"(R).

3. Show that

n n

lim (1 - E)n dr = lim (1 + E>n e dy = 1.
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4. Let f: R — R be a Lebesgue integrable function. Show that

t—o0 —00

lim /f(z) sin(xt)dr = tlim f(z) cos(xt)dx = 0.

5. Let K : R® x R™ — R be a continuous function with compact support
i.e., there exists ¢ > 0 such that

K(z,y)=0, if |z[>c or |yl >c
Define T : L?(R™) — L?(R") by

(Tu)(z) = - K(z,y)u(y)dy, u € L*(R™),z € R™.

(a) Show that there exists 0 < @ < oo, such that
ITullz < Qllull2,  ue L*R™).

How does @@ depend on K?

(b) Let {ux}32, be a sequence in L?(R™) with supy, [|ukls = M < oo.
Show that the sequence {Tu;}7° ; is a uniformly bounded and equi-
continuous family of functions that vanish outside B, the closed ball
of radius ¢ centered at 0 € R™.

(c) Show that there exists a subsequence {T'uy, } 32, that converges uni-
formly in B to some v € C(B).

(d) Show that {T'uy,}3>, converges, in L*(R™) norm, to some w €
L?(R™).



6. LetJ be the collection of open intervals, (a,b),—co < a < b < co. Let
m*((a,b)) = b—a. Let m*(A) denote the outer measure of a subset A C R;
that is,
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A subset F C R is called measurable iff or all € > 0, there is an open
subset G C R such that

E CQG, m*(G\ A) < e.

(a) Show that if £ C R and m*(E) = 0, then E is measurable.
(b) Show that there exists disjoint sets Eq, Ea,---, Ej},- -+, such that
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7. (a) Prove or find a counter example to the following statement:
If f 1 [0,1] — R is continuous and E is a measurable subset of R,
then f(F) is also measurable.

(b) Prove or disprove the previous statement after replacing ” continuous”
by ”uniformly continuous”.

8. Suppose A C R", B C R™ and K : B x A — R are measurable, and that

for some M;, Ms € (0,00) we have

/ |K(x,y)|dy < My, for x € B; / |K(x,y)|dx < Ms,fory € A.
A B

Fix p € (1,00) and define T : LP(A) — LP(B) by
/Ka:y y)dy, feLP(A),x € B.

(a) Use Holder’s inequality to show that for f € LP(A) and € B we
have
p
(EN@P <M [ Kl dy

1 1
where ¢ € (1,00) is such that — 4+ - = 1.
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(b) Use Fubini’s theorem and show that for f € LP(A)
1 1
1711y < MM £l



9. Let (X, p) be a metric space and « € (0,1). A function f € C(X) is called
Holder continuous with exponent « if the quantity

Na(f) = {Sup f (@) - f(y)l}

] |l‘ - y|o¢

is finite. Also define
[ fllw = sup | f(z)]
rzeX

(a) Show that the set
F=A{feCX) | Iflu <1,Nal(f) <1}

is a closed subset of C(X) in the topology of uniform convergence,

i.e. in the norm || - ||,.
(b) Show that if X is compact, then F is a compact subset of C'(X) in
the topology of uniform convergence, i.e. in the norm || - ||,.

10. Let ¢ denote a convex function in the interval (0,00). If 0 < a < b < ¢ < d,

¢la) = o(b) _ o(c) — ¢(d)
d

show that . From this or otherwise show that

a— c—
in any finite interval [a,b] contained in (0,00), ¢ is Lipschitz i.e., there
exists a constant M such that |¢(x) — @(y)| < M|z —y| for all z,y in [a, b].

11. Show that the series

o0
COS NI
> =
1
converges for all x that are not multiples of 27 and all & > 0. What can
you say when cosnz is replaced by x™?

12. Suppose that f, a function defined on an interval (a, b) satisfies the inter-
mediate value theorem i.e., if f assumes the values yi,y2, it assumes all
values between yp,y2. Show that if f is not continuous, it assumes some
value infinitely often.



