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This exam has two parts, ordinary differential equations and partial dif-
ferential equations. In Part I, do problems 1 and 2 and.choose two from the
remaining problems. In part II, choose three problems.

Part I: Ordinary Differential Equations

1. consider the differential equation with initial condition

drldt _ F(t,r), r(a) - ns e R"

where r(t) - ("r(r) ,rz(t), . . . .r,(t))" and
F(t , r )  :  (F ( t ,n) ,Fz( t , * ) , . . . ,  Fn( t ,*Dr.  suppose F( t , r )  is  cont inuous for
a 1t ( b and r € R" and satisfies a Lipschitz condition lb(t,r)- F(t,g)l sL l * ,  y l  f o r a l t s b a n d a L l r , y .  

-  I  \ t ' - /  - \ -

(") Convert the differential equation with the initial condition into, an i
equivalent integral equation.

(b) Set up the Picard iteration process and prove that the sequence con-
verges uniformly on the interval [u, b] to a limit function r* (f).

(c) Show that r* (f) is a solution to the differential equation on [a, b].
(d) Establish that the solution to the differential equation with the given

initial condition is unique.

2. Consider the second order equation

a"  +p(* )y '+q( r )y  -g

on an open interval where p(r),q(r) are continuous.
1) Let y(r) bu a non-zero solution. Prove that all the roots of y(r) are

isolated.
2) Let y1(*), yr(*) be two linearly independent solutions. prove that

between any two roots of yr(r) there is exactly one root of y2(n).

3. Consider the nonlinear DE f * rB - 0.



(a) Solve the DE and sketch the trajectories in the phase plane.
(b) Show that every orbit is periodic with a critical point Lt (O,O).
(c) Express the period of any orbit as a function of its amplitude

P - P(*o). Show that

"j53. 
P(*o): *oo, ,l% P(*o) - o.

4. Consider the Sturm-Liouville system

y" +,lg - 0, g(0) - 0, ukr) + a,kr)- g.

(a) Find all eigenfunctions and eigenvalues (g,,(r),1,). Be sure to check
the possibilities )r, ( 0.

(p) Sho* that the set of eigenfunctions form an orthogonal set of functions
in L210, rl.

(c) Solve for the .\,, graphically and make a good asymptotic estimate for
)rr.

i f1 
(a) Find the fundamental solution matrix for the linear system !

i  r i : i  : . r :  : i ' : r  ] i . . '  : .  .  i  
. , , . ,  . , : ; , .  .  . .  . r .  :  I . . ,  , . . r . . , ,  ' . , , . ,  , u , - .  . l ;:: " '"*Gtl l) :(3 i)(; i l)

(b) Soive the initial value problem.

#( ; [ i ] ) : (3  i ) ( ;8 )  . ( f)" ' ,  ( ; l l l  ) :(-L)
6. Suppose a non-negative function 

"(t)
-o(t) < o'(t)

Prove that o(t) = 0.

sat is f ies"(0) :0and

< o(t).



Part II: Partial Differential Equations

1. (Poisson's Formula on a Disk) Let f (0) bu a continuous and 2zr-periodic
function with Fourier series

Let

f (0) ̂ , gg 
+ i (a;, cos k0 + b1- sin k0).v \ '  

2  
k - l

u(r, g) - g'0 + i ,u (or cos k0 * bnsin k0).\ r ,  
2  & : 1

(a) Prove that the series for u(r,O) converges uniformly on any disk Ba:
{(r ,0) |  o S r  < R}with R < 1.

(b) show how to rewrite the series for u(r,d) in the form

u(r,o) - ['" r@)p(r,o - d)d,6
J O

where P is the Poisson kernel satisfying

P(r, d) :
1 L ' :  1 2 '

2 n L - Z r c o s d * 1 2 '

(c) Prove that lim,-y1- u(r,O) - f (0) uniformly.

2. Consider the Fourier series solution to the heat equation with an initial
condition and a boundarv condition

(  u r " : u * * ,  f o r  a < r l  . l r , f  ) 0 ,

{  u(r ,O) :  f ( " ) ,
|. ,(0, t) : u(n,t) : 0.

(u) Derive the formal solution u(r,t)
b7, ate the coefficients of the Fourier series DEr bl sin kr for the continuous
function f (").

(b) Show that for every d > 0 this solution series converges uniformly
in the region 0
corresponding series for u1,,rtrn,,tJ*.

(c) Show that liml+s+ u(r,t): f (*) in the.L2 norm.



3. Find a solution to the initial value problem

u1(n,t)

u(n,0) .  4exp(-2*') .

4. Prove the mean value property of harmonic functions and use it to prove
the strong ma:rimum principle for harmonic functions

5. Let B+ - {(3, il ^l ,1 * yz ( 1, y > 0} be the open half disk. suppose
u(*:y) e C2(A+11C0(B?) satisfies Lu - u,,*uuv:0 in B+ and u(r,b) :
0- Prove that the extension u(r,y) to B definrd us follows is a harmonic
function on all B.

o , ( *  n , \  _  |  u ( n , y )  i f g > 0 ;u\n,r, - 
t _'"(i, _y) if y < O.


