
University of Toledo Department of Mathematics
Ph.D. Qualifying Exam in Algebra

Apr i l  19,  2008

Instructions: Please clc.t f"ue problems but TLo'more tlta'n two p'roblent"s front
o"n'!J o'ne ser:t,iort,. Give cornplete proofs. A correct solution r,vill not consist in
rnereiv cp-rotirrg a theorern. If you attempt rnore than five problerns. indicate
clearll 'which five proltlems you would like gracleci. \ou have three hours.

the field of complex nnmbers
the f ield of rat ional numbers.
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t .  Gnoups

(1) Let G be a f ini te group ancl let P be a
p is a prinie nurnber.
(u) I f  H is a normal subgroup of G,

p-subgroup of 11.
(b) Give an example of ir. group G, a

a subgroup 11 of G such that P-\LI

S"_v'low p-subgroup ol G. rvhere

slrow that P a H is a Sr-lor,v

Sylow p-subgroup P of G rrnci
ts not a Sylorv p-subgroup of 11.

(2) Classif l '  up to isomorphism al l  groups of order 70. (Be as cornplete in
your analysis as possible. In particular. be sure to prove that no two
of the groups you find are isornorphic to each other.)

(3) Prove that every group of order 150 is solvable.

2 .  F rn los

(4) Let p be an odd prime and let tr  -  Q(( + (-r),  rvhere Q is t i re f ield of
rational rtumbers and ( € C is a prirnitive pth root of nnitr,. Deterrnine
1,lre Galois group Gal(E lQ).

(5) Let E ancl F be subfields of C such that Ii/Q and F/Q are both linite
arrcl Ctrlois. Let, EF denote the smallest subfielcl of C contairring both
,E ancl F arrd assurre that tr rt F : Q. Prove that

Cat( t r  F/Q) = Gat(E lQ)  x  GaL(F/Q)

(6) Let I i lF be tr norr)al f ield extension and /(r) € Flrrbe an irreducible
Poh'nomiai. Suppose g(r) anct h(;r) are monic irreclticible firctors of
/(. t)  in E[.r ' .  Prove that there exists an automorphisrn o of F)fF such
thtrt .g : ho (rvhere ho clenotes the polynornial obtained b.,v apph'ing o
to the coeff icients of h).



3. Rtxcs AND lv'IoDLrLtrs

(7) Sirppll'an exarnple untl a proof of your exarnple tor each oi the follow-
ing:
(a) A r-rniclue factorization clomain that contains a prirne icleal thir,t is

neither a rna-ximal ideal nor a principal icleal
(b) \loclules A. B and C over a ring R such that ,zl is a submodule of

B but  AOnC is  not  isomorphic  to  a subgroup of  B Zn.C
(.) Right R-modules A and B sucl i  that Hom6(1, B) - 0 anrl

Hom6 (8,  ,1)  *  0

(8) Let R be a ring with identit,y arrd let 11 be a uriital rigirt -R-rnochrle.
Let 1 ancl J be ir-leals of R. Prove

(a) nI Zn Rll  Y M lLI l  as r ight Rl l-modrl les.
( .b)  Rl l  tn  Rl , l  =  Rl ( /+ , / )  as Rl l -Rl , /  b i rnodules.

(9) Let R be a, ring and let -,4,1 be n right R-moclule. Suppose

0 : 1 4  c l v f t  c . . .  r - l \ 1 , , : J v , [

is zr cl iain of subrnodules such tha.t.  for i  -  1,2,.  , ' f t ,  the factors
LI;f  I I ;-1 &r€ non-zero simple modules that are peri lnvise norr- isornorphic.
If ,X and l'- are isornorphic submodules of 11. prove that ,Y : \' ' .
(S'uqqest'ion: First do the case that ,Y ,i,s simpLe.)


