
Part I: Ordinary Differential Equations

1. Consicler the f i rnct ion sequence given l r) 'yo(t)  -  0 ancl

! t t ; + r ( t )  - t -  l ' ' , , ^ , ( . s ) r 1 s ,  k - 0 .  1 . . . .
J o

(:r) Provr: that the secleuncc corrvergcs urrnifbrnrly ol l  11\-r: lgspcl irr ter.r-al

[ - - v ^ \ . ]  J > 0
(b) Fincl thc l inrit func:tiorr of the Se(ll l0n(:c.

2.  Let 7.r(r ' ) , ,1( . , ' )  ber cont inuous funr: t ions on ia,bl .  Ccirrs i r icr  the l rorruclarr-
r-ztluc lrroblerrr
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This exalll has tu'o parts, orclinarv clifferential equations aud partial clif-
ferrential eclttations. Irr each part choose four problerns. \ lark c,learly t1e
proltlerrls votl chttosc zrucl shorv the clc:tails of vour n,ork. Books or rrotes Are
not allou'ed.

! J "  +  7 r ( ru ) ' y '  +  q ( t : ) ' ! l  :  0 ;  y (a )  -  y ( l t ) :  0 .

Pt 'ove that  i f  q( . r ' )  (  0  on [a,b]  t ] rer r  y( t , )  -  0  is  the orr lv  so lut ior r .

3. Consider the uoulincar dif f 'erential equation i ;  -  -( l  + r,)-2.
(a) Sketch thc trajectories in the phase plaue on the pi lr t  rr  )  9.
(b)  \ \ ' i th  thc in i t ia l  concl i t ions r (0)  -  0 ,  t (0)  -  i ro ,  f inc l  the snra l lest

slrr:erl ?,rs Sucil that the solution exists orr erll f > 0 ancl :r;(f) -+ cc 2s I a'-
proacl rcs i  r r  f i r r  i t r ' .

4. Find al l  t l ic eigenvalues anci the c:orresponcl ing cigerr{ irnc:t io1s 6f '  thc:
Sturnr-Liour- i l le sr.stenr

'y" + )y - o, y '(o) - o. a(") - o.



. Solve the init ial r, 'alue problcm.

, !  ( ' t t l , ) = ( 1 r \ ( , ( t ) . ) * f  ? , '  , )  ( , ! ? l  ) - (  \, / /  \  y ( t )  ) -  \  z  s  ) \  a @ i  
*  

\  - i , '  /  \  y ( o )  ) -  \  - )  1

. Suprlrose a firnction o(l) satisfies 
"(0) 

- 2 anrl

o ' ( t )

ro\:e t lrat o(t) > 2e: 2' fol all I > 0.



or I  i r l r v  r l i sk  B  p  -

' I I }

l r ru t ion.

tr(r ' .0) - + + i ,, 'k(rr1,,,cosA'g t l t l ,sirrA;g)'2 
f:

t lrat the scries for tL(r,0) corr\-orges urrifurrnlv
' < , R l r v i t l i f i < 1 .

iron' to reu.r' i te the series fol u (, ' ,9) in the ftrr

rt(r ' .0) - l ' '" f (,t)P(, ',g - rp)rlr;t
J t )

ie Poissorr kerrrci sntis{'r.irrg

P ( , ' , Q ) :  
I  1  -  I

r /  
2 n I - 2 t ' ( : o s o l r ' ) '

t l r : i t  l i rn, . -r  ?/(r .0) -  f  (0) rrrr i fbrrrr l r ' .

folkxving irrit ial r.alue prolt lcrn for Brrrger's t r

r L 1 . ( . t : ,  1 )  + u ( r ; , t ) u , ( r ; . 1 )  -  0  o r r  t > 0
u ( r ; . 0 )  -  i t - | 2 : r ' .

(a) Proi 'e

t ( , ' .  e) |  0 < '
(b)  Shor '

u' ]rerc P is t l

(c:) Proi-e

2. Solve t l icr

Part II: Partial Differential Equations

1. (Poisson's Fortnrt la on a Disk) Let . f(A) be a corrt inuous r incl 2r-periocl ir :
functiorr u' i t i r  Fourier series

(t )<

I ( g )  " -  +  +  t ( 41  t ' os  A '0  +  L1  s i n i d ) .
L

Let

3. Find a solution to t l ie init ial value lrroblern fbr the heat ecluntion.

u1(r ; .  / )  -  9 'u , , , ( r ,  f )  or l  I  >  0.

u(:r: ,  0) - 26'- '2t:2 .

4. Let u(;r) bc att entire harmonic functiorr on -R". Prove tirat ir(.r;) is iclen-
t ict i l lv  zc,ro i f  ,J 'n,  lu( .r ; ) j r / r  < cc.



5. Let tr(r) be a sntooth harmonic frinction on the punctrrre'ci hall in I l ' ,

B - { r  €  R : ' l 0 < l r l  < z } .

Sri l l l , roscr that there is:r  posi t ive number 11 such that l r r (r ' ) l< 11 fbr l l l  t5e
poitrts itr B. Pt'ove that the origirr is a rernovable singulzrr point lbr tr(:1).

6. Solr-c tht: init ial r,aluc problenr

r t y ( t : . t , )  -  L u , * r ( r ,  l )  o l t  0 < r ; ( c c .  1 > 0

r r ( r ; , 0 )  -  2 s i r r ( r )  - ] r i r ( 2 r )  f o r  0 < , r : ( o c .

u 1 ( . r ; . 0 )  -  s i n ( 2 . r ; )  { o r  0 < r r ; ( c c .

u ( 0 .  1 )  -  0  f c r r  0 < /


