Ph.D. Qualifying Exam

April 18, 2009
Examiners: Rao Nagisetty and Denis White

Instructions: Do six of the 9 questions. No materials are allowed.

1. (a) State the Arzela Ascoli Theorer.

(b) Consider theset K = {f € C[0,1]: |f(z)] < s(1—-%),0 <z < 1}.
Determine whether or not K is compact in Cf0,1]. Show your
reasoning.

2. Consider f(z) = 3 oo L5, defined for @ < z < 1. Show that the

n=0 14n2z}
series defining f converges uniformly on compact subsets of the interval

0 < 2z < 1. Show further that f is unbounded. Finally determine
whether or not f € L*(m) if m is Lebesgue measure on the interval

<<l

3. (a) Show that IP(-1,1) C LY-1,1)ifco>p>g> L
(b) Show that LP(—1,1) # LY(-1, ) ifco>p>g> 1.
(¢) Show that N,LP(—1,1) 2 L*=(--1,1) .

4. Suppose (2, F,m) is a o-finite measnre space and f € L(m) is non-
negative. Define

Ay = f fdm, foral AeF
A
(a) Show that y is a measure.

(b) Show that , for any h € L*®(m), / hdp = / hf dm.
o) Q

(c) Suppose the g € L) and ¢ is nonnegative and that v is defined
by v{A) = [, gdu, for all A € F. Show that fg € L(m) and

V{A) = f fadm, forall A e F.
A



5. {a)

(b)

6. (a)

(b)

7. (a}

Suppose that f is continuously differentiable on a compact mterval
[a,b]. Show that f is of bounded variation and

b
Var[a,bjf:f ]f’(m)fd:c

Recall that Varyyf = sup{) ,<jem [F{2;) — f(z;-1)| where the
supremum is taken over all partitions, a = 2o <z, < ... < 3, = b
of [a, b).

Show that

z@sin (1) 0<sz <1
flz)= { ‘ z =10
is of bounded variation on [0,1] if @ > 1.
Let {sn} be a sequence os real numbers and

si+set.. + 8,
" .

On

Show that if Him s, exists, then lim o, exists and both hmits are

n—co n—c
equal.

Further show that if lim o, exists and limp oo 8y, = 0, then

n-—o0
lim s, exists.

n—oo

If f is a real-valued function defined on the interval (a,b) and
satishies
Fltz+ (1= t)y) < fz)+ (1~ )/ (y)

whenever ¢ < ¢ < 1,0 < 2,y <.b, we call f a convex function.
Show that any convex function is continuous.

(b} On the other hand if f is confinuous and satisAes

; ( ;y) SOk @)

for all @ < 2,y < b, show that f is convex.




8. Put Py = 0. Define for n=0,1,2,...,

z* — P%(z)

Pﬂ+1(x) = Pﬂ-(m) + 2

Prove that lim, .o Po(z) = |2| uniformly on [~1,1).[Hint: Use the
identity C
s+ P,z
ol Paa(e) = ] - Bo(o) 1 - ELE 0]
to prove that
' 0 < P(2) € Paa(s) < e
if |z] <1 and that

|5l - Pa(@) < ol (1_ f%')< nil

if [z] < 1.
9. (2) Show that if £(£) is continnous on the rea! line and 0 < ¢ < b then
b §
t
the integral / fgdt = é / f(t)dt for some s in the interval
[a,8]. ’ ’ '
(>e] [ae]

(b) Show that the integrals / sin(t*)dt, f cos(t?)dt

0 0
are conditionally convergent.




