
Ph.D. Qualifying Exam

April 18, 2009
Examiners: l~ao Nagisetty and Denis ~nite

Instructions: Do six of the 9 questions. No materials are allowed.

(a) State the Arzela Asco!i TheOrem.

(b) Consider the set K : {f ~ O[0, 1]: I/(x)l ~< x(1-~),0 < x < i}.
Determine whether or not K is compast in O[0, 1]. Show your
reasoning.

2. Consider /(x) ~    1
= ~=0 !+~, defined for 0 < ~ _< 1. Show that the

series defining f converges uniformly on compact subsets of the interval
0 < ¯ _< 1. Show f~rther that f is unbounded. Finally determine
whether or not f ~ Ll(ra) if m is Lebesgue measure on the interval
0<~_<i.

(a) Show that f2(-1, 1) C Lq(-1, 1_).if co > p > q >_ 1.

(b) Show that D°@l, 1) � Lq(-1, 1) if co > p > q _> 1.

(c) Show tha~ ~pf2(-1, 1) ~ L~(-1, 1) .

Suppose (a,~m) is a ~-fiN~e me~ure sp~e and f ~ ~](m) is non-
negative. Define

(a) Show that ;~ is a measure,

<h) Show that, any./o
(c) Suppose the 9 ~ L~(P) and 9 is nonnega~ive and that ~ is defined

by ~(A) = fxgd~, for all X ~ ~ Show that f9 ~ L~(m) and



5. (a) Suppose that f is continuously differentiable on a compact interval
[a, b]. Show that / is of bounded variation and

Retail .that Var[~,blf = sup{E!_<jS.~ ]f(x;) - f(x.i-~)[ where the
supremmm is taken over all partitione~ a = Xo < a! <.., < am = b
of [a, b].

(b) Show that

{  osa(1)f(~)= o       ~=o
is of bounded variation on [0,1] if ~ > 1.

6. (a) Let {s,} be.a sequence os real numbers and

sl +s2 +... + s~

Show that ff lim s~ exists, then lim ~r~ exists and both limits are
equal.

(b) Further show that if lira an exists and 1Lr~_~oo nsn -- 0, fheri
tim s~ exists.

~. (a) If f is a real-valued function defined on the interval (a, b) and
satisfies

f(~ + (1 - ~)~) _< f(~) + (~ - ~)f(v)
whenever 0 < ~ < 1, a < x,y <.b, we call f a convex function.
Show tha~ may convex function is continuous.

(b) On the other hand ff f is continuous and satisfies

for all a < m, y < b, show that f is convex.



8. Put "Po= O. Define for ~ = O~ 1,2,...,

to prove ~hat

o _< e.(~) _< p~+1(~) _<
if I~I _< i and that

I~! - ~(~) _< I~1 s - < ~ +~7

Show tha~ ff f(~) is continuous on the real line and 0 < a < b then

the integral f~’ f(t)dt = i f~
~&, f(f,)dt for some s in the interval

(b) Show that the integrals sin(t~)d~,

are conditionally convergent,
cos(t=)d~


